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(N : 

, Abstract. We investigate the alternating sum of the ^-adic 

I cohomology of the Rapoport-Zink tower for GSp(4) by the Lef- 

Q ■ schetz trace formula. Under some assumptions on L-packets of 

2^ . GSp(4) and its inner form, we observe that the local Jacquet- 

Langlands correspondence appears in the cohomology. 

o ■ 

r^: 1 Introduction 
H . 

^ ■ A Rapoport-Zink space is a certain moduli space of deformations by quasi-isogenies 

^ , of a p-divisible group with additional structures. By using level structures on the 

I universal p-divisible group, we can construct a projective system of etale coverings 

n I over the rigid generic fiber of the Rapoport-Zink space. This projective system is 

called the Rapoport-Zink tower. It can be regarded as a local analogue of a tower 
^ ■ of Shimura varieties of PEL type. 

^ . By taking a compactly supported £-adic cohomology of the tower, we obtain 

^ ! a representation H^^ of G(Qp) x J(Qp) x Wq^, where G is the reductive group 

^ I which is naturally attached to the local Shimura datum defining the Rapoport-Zink 

^ ■ space, J is an inner form of G, and Wq^ is the Weil group of Qp. It is expected 

that the alternating sum Hjiz = Si(~l)*-^RZ -^rz ^e described by the (still 
conjectural) local Langlands correspondence of G and J (c/. |Rap95| ). 
'. The most classical examples of the Rapoport-Zink tower are the Lubin-Tate 

"-j I tower and the Drinfeld tower. In these cases, the expectation above is called the 

' non-abelian Lubin-Tate theory (c/. |Car90] ) and has been already proven ( |Har97j . 

|HT01j ). There are more precise studies on the individual cohomology H^^,] see 
|Boy09| and |Dat07] . 

In this paper, we consider the case where G = GSP4. In this case, the Rapoport- 
Zink space ^ is the moduli space of deformations by quasi-isogenies of a principally 
polarized 2-dimensional p-divisible group with slope 1/2. We ignore the action of 
the Weil group Wq^^ and concentrate on the action of G(Qp) x J(Qp) on -ff^z. Our 
main result can be summarized as follows: 
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Theorem 1.1 (Theorem 17. 8L Corollary 17.91) For an irreducible smooth repre- 
sentation p of 3{Qp), we put i^RzH = Ei,j>o(-l)*^-' Ext^(Q^)(if|iZ,p)'™, where 
Extj^Q^j is taken in the category of smooth J (Qp) -representations and (— )'^™ de- 
notes the set of G{Qp)-smooth vectors. Let 0: Wq^ x SL2(C) — > GSp4(C) be an 
L-parameter which is relevant for J(Qp). Assume that the L-packets n^*-''^^'* and 
-qJ(Qp) corresponding to (j) are stable and satisfy the character relation (see Section 
\7 l\ for notation on L-parameters and L-packets) . 

Then, for an element of the Hecke algebra f G 'H(G(Qp)) supported on regular 
elliptic elements, we have 

Tr(/;/7R,z[p]) = -4 Tr(/;7r). 

Moreover, if the G{Qp)-representation Extj^.^ ^{H^^^i pT^ finite length for every 
hj > and p G n^^"^''-'^ we have 

for every regular elliptic element g of G(Qp). Here Oh^zIp] ^^'^ ^■^ denote the distri- 
bution characters of ifRz[p] send vr respectively, which are locally constant functions 
over regular elements of G(Qp). 

Very rousrhly speaking, this theorem says that the local Jacquet-LanErlands cor- 
respo Jence nf".' « nj*' appears m L- 

To prove the theorem above, we will apply the Lefschetz trace formula for adic 
spaces developed in |MielOaj : we count fixed points on the Rapoport-Zink space 
under the action of elements in G(Qp) x J(Qp) to compute the trace on the coho- 
mology -ffRz- Such a method goes back to a pioneering work of Faltings jFal94] . in 
which he treated the Drinfeld tower. A similar study for the Lubin-Tate tower has 
been carried out by Strauch |Str08] . Needless to say, our work is strongly inspired 
by these two works. However, our case is more difficult than the classical cases in 
the following two points. First, any connected component of our Rapoport-Zink 
space ^ is neither quasi-compact nor p-adic, therefore harder to deal with. This is 
related to the fact that neither G(Qp) nor J(Qp) is compact modulo center (in the 
classical cases, G(Qp) or J(Qp) is the multiplicative group of a division algebra). 
The other point is representation-theoretic one; the local Langlands correspondences 
for G(Qp) and J(Qp) are not bijective. Under the "dictionary" between irreducible 
representations and conjugacy classes, this corresponds to the fact that conjugacy 
and stable conjugacy are different in G(Qp) and J(Qp). This difference makes our 
argument on counting points and harmonic analysis more subtle. 

We sketch the outline of this paper. In Section 2, we introduce some notation 
on algebraic groups and stable orbital integrals, which will be used throughout this 
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paper. In section 3, after recalling basic definitions on the Rapoport-Zink tower for 
GSp2^, we count fixed points on the Rapoport-Zink space under the action of an 
element {g, h) G G(Qp) x J(Qp). Our method of counting is similar to |Str08[ §2.6]; 
we use the period map introduced in [RZ961 Chapter 5] and the p-adic Hodge theory 
for p-divisible groups. In Section 4, we construct formal models of the Rapoport- 
Zink spaces with some higher levels (more precisely, levels which are open normal 
subgroups of parahoric subgroups of G(Qp)). Moreover, we introduce "boundary 
strata" of these formal models and investigate group actions on them. These con- 
structions are extremely important for applying the Lefschetz trace formula such as 
[MielOat Theorem 4.5]. Basically, the content of this section (especially Proposition 
14. lip forces us to assume that d = 2. In Section 5, we construct a nice open covering 
of the Rapoport-Zink space with parahoric level. The construction is similar to the 
case of the Drinfeld upper half space, which has an open covering indexed by vertices 
of the Bruhat-Tits building for PGL„. In Section 6, we apply the Lefschetz trace 
formula to a finite union of open subsets belonging to the open covering constructed 
in Section 5. Finally in Section 7, we briefly review the local Langlands correspon- 
dence for G(Qp) and J(Qp) due to Gan-Takeda |GTlla] and Gan-Tantono |GT] 
respectively, and give a proof of the main theorem. We use the harmonic-analytic 
method introduced in |Miel2j . 

Acknowledgment The author would like to thank Tetsushi Ito and Matthias 
Strauch for valuable discussions. He is also grateful to Takuya Konno for helpful 
comments. This work was supported by JSPS KAKENHI Grant Numbers 21740022, 
24740019. 

Notation 

Let (i > 1 be an integer. For a ring ^, let ( , ) : A'^'^ x A'^'^ — > A be the symplectic 
pairing defined as follows: for x = {xi),y = {yi) G A^"^, 

(a;, y) = Xiy2d H h x^yd+i - x^+Wd X2dyi- 

We denote by GSp2rf(v4) the symplectic similitude group with respect to the sym- 
plectic pairing ( , ). 

For a field k, we denote its algebraic closure by k. Fix a prime number p. For an 
integer m > 1, we denote by Qj,™ the unique degree m unramified extension of Qp, 
and by Z^m the ring of integers of Qpm. We denote by Qpoo the completion of the 
maximal unramified extension of Qp, and by Zpoo the ring of integers of Qpoo. Let 
£ be a prime number distinct from p. We fix an isomorphism = C and identify 
them. Every representation is considered over C, and every function is C-valued. 

For a totally disconnected locally compact group G with a fixed Haar mea- 
sure, we denote by 'H(G') the Hecke algebra of G, namely, the abelian group of lo- 
cally constant compactly supported functions on G with convolution product. Put 
n{G) = 'H{G)/[H{G),'H{G)] = 'H{G)g (the G-coinvariant quotient). For smooth 
representations tti, 712 of G, we denote by Ext^(7ri, 7r2) the higher Ext group in the 
category of smooth G-representations. 
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2 Notation on stable conjugacy classes 

In this section, we introduce some basic notation on algebraic groups and harmonic 
analysis. Here we will work on slightly general situation; let F be a p-adic field 
and G a connected reductive group over F. Put G = G{F). Assume for simplicity 
that the derived group of G is simply connected. We denote by Zq the center of 
G and put Zq = Zq{F). For g E G, let Z{g) denote the centralizer of g and put 
Z{g) = Z{g){F). Since we assume that the derived group of G is simply connected, 
Z(5f) is connected for a semisimple g. We say that g is regular if 7i{g) is a maximal 
torus of G (note that a regular element is assumed to be semisimple). We write 
Qr^eg ^YiQ set of regular elements of G. For a maximal torus T of G, we put 
2^reg _ x(F) r\G^^^. We say that g is elliptic if it is contained in an elliptic maximal 
torus. If g is regular, this is equivalent to saying that Z(5f) is an elliptic maximal 
torus. We write G^^^ for the set of regular elliptic elements of G. 

Two elements (71,(72 € G = G(F) is said to be stably conjugate if they are 
conjugate in G(F). For (7 G G, we write {g} (resp. {g}st) for the conjugacy class 
(resp. stable conjugacy class) of g. It is well-known that {g}st/ ~5 the set of conjugacy 
classes in {g}st, is a finite set if g is regular. 

Two maximal tori Ti, T2 of G are said to be stably conjugate if Ti = Ti{F) and 
T2 = T2(-F) are conjugate in G(F). For such tori Ti, T2 and elements gi G Tl'^^, 

(72 G Tg''^ which are stably conjugate, we can construct an isomorphism tg^^g^ '■ Ti — ^ 

T2 as follows. Take h G G{F) such that (72 = h~^gih. Since gi and (72 are F-valued 
points, such h satisfies ha{h)^^ G Ti{F) for every a G GdX{F/F). By this, it is 
easy to see that Ti®f F — )■ T2®f F; g 1 — h^^gh descends to an isomorphism 
'^91,92 '■ Ti T2 over F. It does not depend on the choice of h. In particular, 

stably conjugate maximal tori are isomorphic, and thus a maximal tori which is 
stably conjugate to an elliptic torus is elliptic. 

For a maximal torus T, we write {T} (resp. {T}st) for its conjugacy class (resp. 
stable conjugacy class). We denote the set of conjugacy classes of maximal tori 
(resp. elliptic maximal tori) of G by 7g (resp. 7^^^), and the set of stable conjugacy 
classes of maximal tori (resp. elliptic maximal tori) of G by Tc.st (resp. T^^st)- 

Fix a Haar measure on G. For an element g G G^^^, we also choose a Haar 
measure on Z{g). Then, for each g' G {(7}st, Z{g') is naturally equipped with a Haar 
measure induced by the isomorphism tg^gi'- Z{g) — y Z{g'). For a locally constant 
function f on G whose support is compact modulo Zq, we set 




and call them the orbital integral and the stable orbital integral of /, respectively. 
It is well-known that Og{f) always converges ( |RR72] ) . 

Next we compare stable conjugacy classes between inner forms. Let G' be an 
inner form of G, and fix an inner twist ^: G' F G F. For g E G and 
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g' E G' = G'{F), g is said to be a transfer of g' with respect to ^ if (7 and ^{g') are 
conjugate in G{F). We also say that g and g' match, and write g ^ g' . For g G G^'^^ 
and g' G G''^'^^ with g ^ g', we can construct an isomorphism ig'^g'. 'Zi{g') '^(9) 
in the same way as above. In particular, g is elliptic if and only if g' is elliptic. 
By [Kot86[ Lemma 10.2], there is a natural bijection T^'/g^ '^clst ^^ch. that 

{T'}st corresponds to {T}st if and only if ^(T'(F)) and T(F) are conjugate in G{F). 
Therefore, for every g' G G"^" (resp. G G"'^^), we can always find g G (resp. 
g' G G'*^") with (7 -H- g'. In particular, stable conjugacy classes of regular elliptic 
elements of G are in bijection with those of G'. 

The following lemma, which is used in Section [71 would be well-known. 

Lemma 2.1 Let T be an elliptic maximal torus of G, and T' that of G' such that 
{T'}st corresponds to {T}st under the bijection above. Let Wt denote the Weyl 
group iVG(T)/T of T, which is an algebraic group over F. Similarly we define Wt^>. 
Then, we have an isomorphism Wr = Wt'- In particular, #PVt(-^) = #Wt'(-^)- 

Proof. Take t G T'^^ and t' G T"''=g such that t ^ t' , and h e G(F) such that 
t = h-^i{t')h. Let ih- G' ^ G ®ir F be the composite Kd{h-^) o ^. It 

satisfies ^h(T') = T, thus induces W^i ®f F ^> Wt ®f F. It suffices to check 

that this isomorphism descends to an isomorphism over F. Take a G Gal(F/F). 
Since ^ is an inner twist, there exists c^ G G(F) such that a o ^ = Ad(ca-) o ^ o cr. 
Then t = h~^^{t')h implies that t = Ad{a{h)^^) Ad{c„)C,{t') (note that t and t' are 
rational), and thus a{h)~^Cf^h G T(F). Therefore, for g' G Ngi{T'){F) we have 

a{U9')) = Ad{a{h)-'c,h)^a{g')) G ^a{g'))T(F). 

This means that ^h.: Wt' F Wt ^f F commutes with the action of a, as 
desired. I 

3 Rapoport-Zink tower for GSp(2(i) 
3.1 Definition of the Rapoport-Zink tower 

In this subsection, we recall basic notions on the Rapoport-Zink tower. General 
definitions are given in |RZ96] . but here we restrict ourselves to the Siegel case, 
namely, the case for GSp(2c?). 

Fix a (i-dimensional isoclinic p-divisible group X over Fp with slope 1/2, and 

a (principal) polarization Aq : X X^ of X, namely, an isomorphism satisfying 

Ag = — Aq. Let Nilp be the category of Zpoo-schemes on which p is locally nilpotent. 
For an object S of Nilp, we put S = S ®Zpoo ^p- Consider the contravariant functor 

Nilp — > Set that associates 5* with the set of isomorphism classes of pairs 
(X, p) consisting of 
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— a d- dimensional p- divisible group X over S, 

— and a quasi-isogeny (c/. |RZ96[ Definition 2.8]) p: X (g)^^ S — > X (8)5 S, 

such that there exists an isomorphism A: X — which makes the following 
diagram commutative up to multiplication by 



X(g)w S^^X 



AfliSiid 



sS 

A(g)id 



Note that such A is uniquely determined by (X, p) up to multiplication by and 
gives a polarization of X. It is proved by Rapoport-Zink that ^ is represented 
by a special formal scheme (c/. |Ber96] ) over Spf Zpoo. Moreover, ^ is separated 
over Spf Zpcx, ( |Far04t Lemme 2.3.23]). However, each connected component of ^ 
is neither quasi-compact nor p-adic. It is known that dim^'''^^ = [(i^/4j, where 
[xj denotes the greatest integer less than or equal to x (for example, see |Vie08] ). 
and every irreducible component of is projective over ¥p ( |RZ96t Proposition 

2.32]). 

Let J be the group consisting of self-quasi-isogenies /i on X which makes the 
following diagram commutative up to multiplication by : 



X- 

Ao 

X^f- 



->x 



■X 



Ao 

V 



Then, we can define a right action of J on ^ by h: ^{S) — > ^{S); (X, p) 1 — > 
(X, p oh). It is known that J is the group of Qp-valued points of an inner form 
J of GSp2(i (see the next subsection). In particular, J is naturally endowed with a 
topology. 

We denote the rigid generic fiber of ^ by M. It is defined as t{^) \ 

V{p), where t{^) is the adic space associated with ^ {cf. |Hub94t Proposition 
4.1]). It is locally of finite type, partially proper and smooth over Spa(Qpoo, Zpoo) 
( |Far04| Lemme 2.3.24]). Moreover, we know that dimM = d{d + l)/2; it can be 
proved by using etaleness of the period map ([ RZ961 Proposition 5.17]) or the p-adic 
uniformization theorem ( |RZ96| Theorem 6.30]). 

Let X be the universal p-divisible group over ^ and X"^ the induced p-divisible 
group over M. For each geometric point x of M, the rational Tate module V^(X"^) 
is endowed with a non-degenerate alternating pairing V^(X"^) x V^(X"s) — > Qp(l) 
induced by a polarization on X. It is well-defined up to Z^ -multiplication. There- 
fore, by taking a trivialization of the Tate twist, we get a non-degenerate symplectic 
form \^(X"s) X l^(X"s) — y Qp which is well-defined up to -multiplication. By 
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considering K-level structures on X"^ for each compact open subgroup K C Kq = 
GSp2d(Zp), we can construct a projective system {Mk}kcKo of finite etale coverings 
of M, which is called the Rapoport-Zink tower. If is a normal subgroup of Kq, 
Mk is a finite etale Galois covering of M with Galois group Kq/K. In particular, 
Mkq is nothing but M. For more precise description, see |RZ96l 5.34] or [IM10| 
§3.1]. 

The group J naturally acts on the projective system {Mk}kcKo- the other 
hand, for g E G = GSp2diQp) a compact open subgroup K d Kq satisfy- 
ing g~^Kg C Kq, we can define a natural morphism — > Mg-i^g over Qpoo. 
Therefore, we have a right action of G on the pro-object "lim" Mk- 

Definition 3.1 For an integer z, we put 

KcKo 

Here HI[Mk ®Qpoo Qp°o,Q£) denotes the compactly supported £-adic cohomology 
introduced in |Hub98] . The group G x J naturally acts on H^^.- It is known that 
this action is smooth ( [Ber94[ Corollary 7.7], |Far04[ CoroUaire 4.4.7]). 

Remark 3.2 We can also define a natural action of the Weil group Wq^ of Qp on 
if^2- This action is expected to be very interesting, but in this article we do not 
consider it. 

Definition 3.3 For an irreducible smooth representation p of J and integers i,j > 
0, we put 

where (— )'^™ denotes the set of G-smooth vectors. It is a smooth representation of 
G. 

Remark 3.4 By the same argument as in |Mielll Lemma 3.1], we can show that 
HrzIp]^ = Ext^j{{HI^2)^ , p) = f^^ij{Hl{MK),p) for a compact open subgroup K of 

Lemma 3.5 Let x-Qp Qi be an unramiGed character, that is, a character 
which is trivial on Z^. Denote the composite G Qp (resp. J 

Qp --^ ) by xg (resp. xj) , where sim denotes the simihtude character. Then, 
we have H'^^Ip ® Xj] = ^rz[p] ® Xg- 

Proof. First let us recall the natural partition of ^ into open and closed formal 
subschemes introduced in [RZ961 3.52]. For an integer S E Z, let ^^^^ be the open 
and closed subscheme consisting of {X,p) such that ■ height(p) = 6. Note that 
the left hand side is always an integer. Indeed, by the definition of there exist a 
polarization A: X — y and an element a G Qp such that oAq = p^o(A mod p)op. 
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Taking the heights of both sides, we obtain d ^ ■ height (p) = Vp{a) G Z, where Vp 
is the p-adic valuation. Denote by M*^"^) the rigid generic fiber of For a 

compact open subgroup K of Kq, let m)^'' be the inverse image of M^^^ under the 
map Mk — > M. We have Mk = Usez ^k- H\^^^ = Ih^^^^^ Hi{M^^^). Then 

For {g,h) ^ G X J with g~^Kg C Kq, it is known that {g, h) : Mk — > Mg-iKg 
maps M^^^ to M^^ fp(simg)+i;p(sim/i))^ particular, if we denote by {G x J)" the kernel 
of the homomorphism GxJ — > Z; ((?, h) i — y fp(sim5f)— fp(sim if|^2 o is a smooth 
representation of {G x J)° and iJ^g is isomorphic to c-Ind^^^'^j^o -f^Rz.o i^f- lFa-r04l 
§4.4.2]). Since the character Xg ® xf ■ G x J ^ Q^"; {g,h) ^ XG{9)Xj{h)-' 
is trivial on (G x J)°, we have a natural isomorphism H^^ ® Xg ® Xj^ — -f^Rz of 
G X J-representations. Hence we have 

ExtS(if^z,P®Xj) = ExtS(i/^z®X7\p) = Ext^^(i/4z®XG',P) = Ext^if^z, p)®XG, 

and thus i?Rz[p ® Xj] = ^rz[p] ® Xg- I 

Sometimes it is convenient to work on the quotient Mk/p^ of Mk by the discrete 
subgroup of J. The cohomology of Mk/p^ and -f^Rz[p] related by the following 
lemma. 

Lemma 3.6 Assume that an irreducible smooth representation p of J is trivial on 
the subgroup p^ C J. Then we have Ext^j{Hl{MK), p) = Ext^j^,^{Hi{MK /p^), p) for 
each compact open subgroup K C Kq. 

(5) 



Proof. We will use the notation in the proof of Lemma 13.51 Since p E J maps M]^ 
isomorphically onto m]^^^'' for every integer 5, we have Mk/p^ = M^ U M^j}\ 
Under this isomorphism, the natural morphism from Mk to Mk/p^ is described as 
follows: 

— If 5 = 26' is even, the restriction to M^"* is given by p~^' : m]^"* — > M^^ . 

- If 5 = 25' + 1 is odd, the restriction to M^^ is given by p^^' : A/fjJ^ — > M^^\ 
From this description we deduce that the natural push- forward map HI{Mk) — ^ 
HI{Mk/p^) induces a J-equivariant isomorphism HI{Mk)p^ = HI{Mk/p^)- On the 
other hand, it is immediate to see that HI{Mk) = ®s£Z-^ci-^K^) is ^ free Qp[p^]- 
module, where Q£[p^] denotes the group algebra of p^. In particular, HI{Mk) is 
acyclic for (— )pZ (namely, the higher left derived functor of (— )pZ vanishes). There- 
fore we have 

ExtS(if:(M;,),p) =Ext^^/^4if^(M^)pZ,p) -Ext^^/^4if^(M^/p^),p), 

as desired. I 
Corollary 3.7 Let p be an irreducible smooth representation of J. 
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i) For integers i,j > 0, -f^Rz[p] is an admissible representation of G. 

ii) If j > d — 1, we have H^^lp] = 0. 

Proof. First assume that p is trivial on C J. Then, for a compact open subgroup 
K G Kq, we have 

by Remark 13.41 and Lemma 13.61 As in |Far04t Proposition 4.4.13], HI{Mk/p^) is 
a finitely generated J/p^-module, and thus |SS97l Corollary II. 3. 2] tells us that 
Ext J ^^z{HI{Mk / p^) , p) is finite-dimensional and vanishes for j > d — 1 (here d — 1 

is the split semisimple rank of J). Since H^^^lp] = hi^^^^^ ^rzIp]^ y obtain i) 
and ii) for this case. 

Next we consider a general p. Let to: Qp — > be the central character of 
p. Take c G such that = uj{p), and x- Qp — ^ the character given by 
x{a) = c~'"''^"'\ Lemma 13751 tells us that = -f^Rz[P ® Xj] ® Xg^- Since p ® Xj 

is trivial on p^, the right hand side is admissible and vanishes for j > d — 1. This 
concludes the proof. I 

By the corollary above, we can take the alternating sum of H^r^[p]. 

Definition 3.8 For an irreducible smooth representation p of J, we put H^zIp] = 
Si j>o(~-'-)*^"'-^Rz[p]' where the sum is taken in the Grothendieck group of admis- 
sible representations of G. 

The goal of this paper is to investigate ifRz[p] by means of the Lefschetz trace 
formula. 

In the sequel, we fix Haar measures on G and J. For each g G G^"^^, we also 
fix a Haar measure on Z{g). If g is elliptic, then we normalize the measure so that 
vo\{Z{g)/p^) = 1, where C G is endowed with the counting measure. Note that 

11 — 

if 91,92 £ G are stably conjugate, then the isomorphism ig^^^g^'- Z{gi) — )■ Z{g2) 

preserves the measures. For g G G'^^^ and a locally constant function f on G whose 
support is compact modulo Zq, we have 

OgU) = I fih-'gh)dh, SOgif) = V / f{h-^g'h)dh. 

Similarly we fix a Haar measure of the centralizer of each regular element of J. For 
g G G"^^^ and h G J'^" with g -H- h, the isomorphism Lh,g'- Z{h) Z{g) preserves 
the measures. 
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3.2 Period space and period map 

The goal of the rest of this section is to count fixed points under the action of 
{g,h) E G X J on Mk/p^. As in [StrOSt §2.6], we use the period map introduced in 
^TM. Chapter 5]. 

Put Lq = FracVr(Fp) and denote the Frobenius automorphism on Lq by cr. 
Although Lq is isomorphic to Qpoo, we distinguish them as in |RZ96j . An isocrystal 
over ¥p is a finite-dimensional Lo-vector space equipped with a bijective a-linear 
endomorphism (c/. |RZ96l §1.1]). 

Let D(X)q = (iV, $) be the rational Dieudonne module of X, which is a d- 
dimensional isocrystal over ¥p. The fixed polarization Aq on X gives the alternating 
pairing ip: N x N — > Lq satisfying ip{^{x), = pa{ip{x, u)) for every x,y G N. 

We define the algebraic group J over Qp as follows: for a Qp-algebra R, the group 
J(i?) consists of elements g G Aut/j0Q^io(-R ®Qp ^) such that 

— g commutes with i.e., g o (id/j ®$) = (id/j (8)$) o g, 

— and g preserves the pairing ip up to scalar multiplication, i.e., there exists 
c{g) G {R Lo) such that ip{gx, gy) = c{g)tlj{x, y) for every x,y e R N. 

Represent ability of J is shown in [RZQGj Proposition 1.12]. By the Dieudonne theory, 
we have J(Qp) = J. 

Since the isocrystal (A^, $) is basic, J is known to be an inner form of GSpg^ 
( |RZ96t Corollary 1.14, Remark 1.15]). For later use, we will observe it directly. 
Put N° = A^P"'*'. It is a ^-stable Qp2-subspace of A^ satisfying Lq ^ N° = N. 
For X, y G A^°, we have a'^^ip^x, y)) = p~^'?/'($^(x), $^(y)) = p^'^4'{px,py) = ip{x, y), 
and thus ip{x,y) G Qp2. Therefore ijj gives a perfect alternating bilinear pairing 
ip: N° X N° — > Qp2. Its base change from Qp2 to Lq coincides with the original ijj. 
By using A^° and the restrictions of $ and ^/^ on it, we can describe J as follows: for 
each Qp-algebra R, 

J(R) = {g E Autij0Q^Q^2 (i? ^°) I 9 satisfies the similar conditions as above}. 

In the sequel, we always use this description of J. Now we can prove the following: 

Lemma 3.9 We have a natural isomorphism ^ : J Qp2 GSp(A^°, ip) of alge- 
braic groups over Qp2 . 

Proof. Take a Qp2-algebra R. Then we have R^q^ N° ^ {R(g)Q ^ N°) © {R(g)Q ^ ''N"), 
where '^A^" is the scalar extension of A^° by a : Qp2 — > Qp2 . Under this isomorphism, 
idn ®$ : R A^° — > R A^° is expressed by the matrix 

/ idij®<l>i\ 
\idR J ' 

where $i (resp. $2) denotes the Qp2-homomorphism 'W° — > N° (resp. A^° — > 
'W") induced by $. Therefore, every element g G Aut/j^^^Q ^{R A^°) can be 
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written as g' © g" with g' e Ant ji{R ©q^^ N°) and g" G AntR^R ©q^j 'W°), and the 
condition go (id/j ®$) = {idu o (7 is equivalent to g' o (idij = (id/j (S)$i) o (7" 
and c/" o (idi? ®$2) = (id/j®$2) o For g' e AutR^^^Q^,{R N°), put ^" = 
(idi?®$i)~^ o g' o (id/j®$i). Then the pair {g',g") satisfies the conditions above 
(note that $1 o $2 = p). In other words, the group 

{g e Autfi^Q^Q^, {R N°)\go {idn = (id^ ®$) o (?} 

can be identified with the group AutR(i? ^q^2 ^°)- Now it is straightforward to 
see that {g', g") preserves the pairing on R A^° up to scalar if and only if 
g G GSp{N° ,ip){R). This concludes the proof. I 

By the construction of the isomorphism ^, we have the following: 

Corollary 3.10 A natural homomorphism J — > Rcsq ^/Qp GSp(A^°, ip) corresponds 
to ^ by the adjointness between base change and the Weil restriction. In particu- 
lar, the composite J(Qp) ' — > J(Qp2) GSp{N°,ip) is nothing but the natural 
inclusion. 

Remark 3.11 Actually, we can describe J more explicitly as follows. 

Let S2 be a (unique) one- dimensional p-divisible group with slope 1/2 over ¥p. 
It is well-known that there exists a polarization on S2; for example, a principal 
polarization on a supersingular elliptic curve over ¥p induces such a polarization. 
Put D = End(S2) Qp- Then D is a quaternion division algebra over Qp and 
induces an involution on it. By |IM10| Lemma 4.1], we know that (X, Aq) and 
(S®*^, A^"^) are isogenous. Therefore, we can prove without difficulty that the alge- 
braic group J is isomorphic to the quaternionic unitary similitude group Gl]{d, D). 

Next we introduce the period space for GSpj^. 

Definition 3.12 i) Let ^ be the Grassmannian over Lq parameterizing c?- dimensional 
subspaces Fil C A^ such that Fil"*" = Fil. 

ii) Let L be a finite extension of Lq. An element Fil C L N of ^{L) is said 
to be weakly admissible if, for every subspace A^' of A^ which is stable under $, 
the following inequality holds: 

dimL((L ®L„ A^') n Fil) < ^ dim A^'. 

It is known that there exists a canonical open rigid subspace f2 C J-^ such that 
0(L) = {Fil G ^{L) I Fil is weakly admissible} for every finite extension L of 
Lq ( |RZ96| Proposition 1.36]). We call this VL a period space for GSp2rf. The 
group GSp(A^, ?/') naturally acts on and the induced action of J = J(Qp) C 
GSp(A^, ip) preserves VL d ^. 
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The following theorem is due to Rapoport-Zink: 

Theorem 3.13 i) There exists a J-equivariant etale morphism p: M — > Q over 
Lq called the period morphism. For a finite extension L of Lq and an L-valued 
point X = {X,p) of M, is given by the subspace p~^(Filx) of L (g)^^ A^, 
where : D(X)q D{X)q is the isomorphism between rational Dieudonne 
modules induced by p, and Filx C L (^^q D{X)q is the Hodge filtration of X. 

ii) The period map p induces a surjection on classical points. Namely, for every 
finite extension L of Lq and every L-valued point x of Q, there exist a finite 
extension L' of L and an L'-valued point x of M such that pix) = x. 

Proof. The period map p is constructed in |RZ96t 5.16]. Precisely speaking, our p 
is the first factor yfi of the period map tt defined by Rapoport-Zink. 

ii) follows from |RZ96[ Proposition 5.28]; note that Fontaine's conjecture assumed 
in the proposition has been solved by Kisin ( |Kis06| Corollary 2.2.6]). I 

The following proposition is the first step of our point counting: 

Proposition 3.14 Let h be a regular element of J. Then all fixed points of J- 
under h are discrete with multiplicity one. If moreover h is elliptic, then every fixed 
point lies in Q. 

The former part is well-known. In order to see the latter part, we will use the 
theory of Harder-Narasimhan filtrations. Let us fix a finite extension L of Lq and 
an element Fil G ^{L). For a non-zero subspace A^' of which is stable under $, 
we put 

^ dimi ((L ®L, N') n Fil) - 1/2 dimio N' 

^ = • 

We say that A^' 7^ is semi-stable if every non-zero $-stable subspace A^" C A^' 

satisfies p{N") < p{N'). 

The following proposition is a part of jRZ96| Proposition 1.4]: 

Proposition 3.15 There exists a unique ^-stable subspace Nq G N satisfying the 
following conditions: 

— Nq is semi-stable (in particular non-zero). 

- For every ^-stable N' with Nq C N' C N, we have p{Nq) > p{N'). 



Proof of Proposition 3.14\ Let h G J he a regular element, L a finite extension of L, 







and Fil an element of ^{L) which is fixed by h. We will assume Fil ^ Vt and prove 
that h is not elliptic. Since Fil ^ f2, p{N') > = /i(A^) for some ^-stable subspace 
A^' C A^. Therefore A^ is not semi-stable and thus A^o ^ X , where A^o is given in 
Proposition 13.151 Since Fil is fixed by h, we have HNq = Nq by the uniqueness. 

Let us prove that A"o C A"^'-. The following argument is inspired by |RZ96[ 
Proposition 1.43]. Put W = Nq (1 N^ and assume that W C A^q- Then ip induces 
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a perfect alternating pairing Nq/W x Nq/W — > Lq. Denote the image of (L 
No) n Fil under L — > {L ®Lo Nq)/{L ®i„ W) by Fil'. Since Fil^ = Fil, we 
have Fil' C Fil'"*". Therefore we have dim^^Fil' < l/2(\.im.L^-^{NQ/W). On the other 
hand, by the definition of A^o, Nq <Z N implies ^i{No) > fi{N) = 0. Hence, if 7^ 0, 

^ dimL{{L^L^ iy)nFil) _ 1 ^ dimj.((L ^l, Nq) n Fil) - dim^ Fil' _ 1 
' ~ dimi,, W 2~ dim^o W 2 

^ dimj.((L (g)L, No) n Fil) - 1/2 dimL.jNo/W) 1 _ dim^^ A^q 

dim^^W^ 2 dimL,W^^ °^ 

> /i(A^o), 

which contradicts to semi-stability of A'^q. If W = 0, 

dimi((L No) n Fil) - ^ dimi. No = dim^ Fil' dimL,{No/W) < 0, 

which contradicts to /i(A^o) > 0. Thus we get Nq C N^j-. 

Put = (A^o)^"'*' C A^°. Since (A^q, $) is isoclinic of slope 1/2, we have 
Lo®Q^2 N^ = Nq. In particular C A^° C A^°. Moreover we have A^o° ^ (A^o)"^' since 
A'o C A^^*-. Consider the subgroup P of J given as follows {R denotes a Qp- algebra): 

P(R) = {h' e JiR) I h'{R^Q^ N°) = R^Q^ N°}. 

Here J(-R) is regarded as a subgroup of Aut/j^^^Q ^ {R^Qp N°). In the similar way as 
in the proof of Lemma 13. 9[ we can see that P ®q Qp2 is isomorphic to the stabilizer 
subgroup StabGSp(Af°,v)(^o) ^0 GSp{N° , ip) . Therefore P Qp2 is a proper 
parabolic subgroup of J Qp2, and thus P is a proper parabolic subgroup of J. 
Since h G P(Qp), the following lemma says that h is not elliptic. This completes 
the proof. I 

Lemma 3.16 Let F be a p-adic Geld, G a connected reductive group over F and 
g a regular elliptic element of G{F). Then, for every proper parabolic subgroup P 
of G defined over F, g does not lie in P{F). 

Proof. Assume that there exists a proper parabolic subgroup of G defined over F 
such that g G P{F). Then, since g G G{F) is semisimple, there exists a Levi sub- 
group L of P defined over F such that g G L(F) {of. |Spr98i 13.3.8 (i), 8.4.4, 16.1.4]). 



By the restricted root decomposition, it is easy to see that the split center of L is 
strictly bigger than that of G. In other words, the center Zl of L is not anisotropic 
modulo Zq. Therefore the centralizer of g, that contains Zl, is not anisotropic 
modulo Zg- This contradicts to the assumption that g is regular elliptic. I 

Remark 3.17 By the Bruhat decomposition, we can easily calculate the number 
of fixed points in Proposition 13. 14( the number is d\2'^~^. 
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3.3 Counting fixed points under the group action 

Let {g, h) be an element of G x J and K a compact open subgroup of Kq normalized 
by g. Let pK- — > ^ and pK,p- M^/p^ — > ^ be the etale morphisms induced 
from the period map p. In Proposition 13.14^ we considered fixed points on the 
period space VL. Thus, to count fixed points on Mk/p^, it suffices to investigate the 
action of {g, h) on the fiber p~^p{x) of each point x 'm.VL fixed by h. 

Definition 3.18 Let L be a finite extension of Lq and x G a point fixed by 

h. We denote the subspace oi L N corresponding to x by Fil^.. Then, since 
(A^, $, Fila;) is a weakly admissible filtered isocrystal, there exists a 2(i-dimensional 
p-adic Galois representation Vx of Gal(L/L) such that DcrysiYx) = (A^, $, Filx) (c/. 
|CFOO] ). As the functor -Dcrys is fully faithful and compatible with tensor products, 
the alternating bilinear pairing ip: N x N — y Lq induces an alternating bilinear 
pairing ijjx'. V^xYx — > Qp(l). Since h: N N commutes with preserves Fil^ 

and preserves ip up to -multiplication, it induces a Gal(L/L)-automorphism g^^x 
on Vx preserving ipx up to -multiplication. By choosing isomorphisms Qp(l) = Qp 
and {Vx,ipx) — {Qp^, { , )), gh,x can be regarded as an element of G. Obviously, the 
conjugacy class of gh,x is independent of the choice of the isomorphisms above. 

Proposition 3.19 The element g^ x G G is a transfer of h ^ J with respect to ^. 
Namely, if we fix an isomorphism {N°,iIj) = (Q^f, ( , )), the image of h under the 
composite 

J(Qp) J(QpO ^ GSp(iV°,^) ^ GSp2,(Qp2) 

and gh,x ^ G are conjugate in GSp2diQp)- 

In particular, g^^x £ G is regular (resp. regular elliptic) if and only if h is regular 
(resp. regular elliptic). 

Proof. Since -Dcrys(Kr) — (A^; '^'j Filx); we have an isomorphism 

Since we have fixed isomorphisms (Vx^ipx) = (Qp'^, ( , )) and {N°,'^) = (Q^f, ( , )), 
the isomorphism above induces 

Vx ®(Qp BdR ^ N° (g)Q^2 ^dR ^ -BdR, 

which gives an element a G GSp2(f(-BdR)- By the definition of gh,x and Corollary 
I3.10[ we have gh,x = a~^^{h)a in GSp2rf(-BdR)- Therefore gh^x and ^{h) are conjugate 
in GSp2rf(-BdR)5 and thus conjugate in GSp2(i(Qp). I 

We will consider how the conjugacy class of gh,x changes when we vary h inside its 
stable conjugacy class. Assume that h is regular. Let = Z(/;,) be the centralizer 
of /i in J, which is a maximal torus of J. 
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Lemma 3.20 For every Qp-algebra R and an element t G T/,(i?), t stabilizes the 
subspace R FiU C R (L Ol,, N) = L (g)L„ (i? A^). 

Proof. Let .7^° be the Grassmannian over Qp2 parameterizing d-dimensional sub- 
spaces Fil C such that Fil"*" = Fil. Then, clearly ®q^2 -^o = Moreover, 
since h is regular, the fixed point x in comes from a closed point of namely, 
there exists a finite extension F of Qp2 contained in L and x' G ^°{F) such that 
Filj; = L ®F Fil^./. Therefore, we may consider the subspace Fil^,./ C F (^q 2 
instead of Fil^. C L N. 

Put G = GSp(iV°,V^) ®Q 2 F. This algebraic group acts on — ^ ®q ^ F ■ 
Let P be the stabilizer of x' G ^f{F) in G. It is a parabolic subgroup of G. We 
have homomorphisms J — Rgsq^j/Qp GSp{N°,ip) — > Resp/Q^ G, which induce an 
action of J on Resj^/Q^ ^p. What we would like to show is that the subgroup Th of 
J stabilizes x' G (Resir/Q^ .?>)(Qp); in other words, Th C Res^^/Q^ P. Let us denote 
by h' the image of h e J(Qp) in {Resp/q^ G)(Qp) = G(F). Note that h' G P(F), for 
h stabilizes x'. Moreover h' is regular, since it is the image of ^{h) G GSp(A^°, ■?/') 
under GSp(iV°,V^) — > GSp(A^° (g)Q^^ F,^) = G{F). It suffices to show that the 
centralizer Sh' of h' in G is contained in P. We can pass to an algebraic closure 
F of F] we simply write G and P for G F and P F, respectively. Take a 
maximal torus T' of P containing h'. As P is a parabolic subgroup of G, it contains 
a maximal torus T" of G. Since T' and T" are conjugate in P, T' is also a maximal 
torus of G. This implies that T' = Sh'- In particular S^' is contained in P. I 

Definition 3.21 Fix isomorphisms Qp(l) = Qp and (K',^rr) = (Qp'^, ( , )) as in 
Definition 13. 181 We define a homomorphism Lh,x- T^h — ^ GSpa^^ of algebraic groups 
over Qp as follows. For a Qp-algebra R, each element t G Th{R) gives an automor- 
phism of the filtered isocrystal {R<S)Qp N, $, R^Qp Fil^) by the previous lemma. The 
induced automorphism on {R ®Lo -Bcrys)*'^'^ = R ®Qp Vx defines an element 

ihAt) e GSp(i?®Q^ Vx,^x) = GSp2rf(i?). 

By definition, we have ih^h) = Qh^x- Clearly Lh,x is independent of the choice of 
Qp(l) = Qp, and the GSp2rf(Qp)-conjugacy class of Lhx is independent of the choice 
of (\4,^.) = (Q^^(, )). 

Proposition 3.22 Let Tg^^ = Z{gh,x) be the centralizer of gh,x in GSp2d- The 
homomorphism Lh^x induces an isomorphism Th Tg^ ^ . 

Proof. The proof of Proposition 13. 191 tells us that the base change of Lh,x to i?dR can 
be described as the composite of 

Tft (X)Qp -BdR " > J ®Qp -BdR GSp2d ®Qp-BdR ^ ^ GSp2(i ®(Qp-BdR, 

where a G GSp2rf(-BdR) is the element defined in the proof of Proposition 13.191 Now 
it is clear that the homomorphism Th -BdR — > T^,^ ^ -BdR induced by Lh,x is 
an isomorphism, and thus Lh^x '■ '^h — ^ ^ is also an isomorphism. I 
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Proposition 3.23 i) For h' G {/ijst, take 7 G J(Qp) such that h' = 7"^/i7. 
Then, for every a G Gal(Qp/Qp), Ch,h'{(^) = icril)'^ hes in Th{Qp), and Ch,h' 
gives an element of H^{Qp,Th)- The map h' 1 — > Ch,h' induces a bijection 
{^}st/~ ^ H'^iQp, T^h)- Similarly, we have a natural bijection {gh,x}st/^ ^ 

ii) Assume that h is elliptic. Then we have a commutative diagram 

{Mst/ >H\Qp,Tj,) 

(*) ^/i,a: 

K,Jst/ >H\Qp,Tg^J, 

where the map (*) is given by h' = ■y'^h'y 1 — )■ 5f/j/_^(^)-i^. (Recall that ^ 
carries 7 G J(Qp) to an element of GSp(A^° (g)Q ^ Qp,ip) C GSp(iV ^,^)- 
Corollary 13. J 01 ensures that ^{'y)~^x is fixed by h' , and Proposition \3.14\ tells us 
that ^(7)~^x lies in Q.) 

Proof, i) It is well-known that the map h' 1 — > Ch^h' induces a bijection 

{/i}st/~ ^ KeT{H\Qp,TH) H\Qp,3)). 

Therefore it suffices to show if^(Qp, J) = 1. Since the derived group Jder is simply 
connected, we have H^{Qp, Jder) = 1 by Kneser's theorem. Now the exact sequence 



' dcr 



gives the desired vanishing result. Similarly we can prove H^{Qp, GSp2d) — ^■ 

ii) Take a finite extension F of Qp2 and x' G J-°{F) as in the proof of Lemma 
13.201 Let E' be a finite Galois extension of Qp2 such that 7 G 3{E). Extending F if 
necessary, we may assume that E <Z F (although we can take E = F,it is better to 
distinguish them in order to avoid confusion). Put y' = ^{'j)~^{x') G ^°{F). 

First we prove that the subspace E Fi^/ C E {F ^ N°) is mapped 
to E (g)Q^ FiV by 7-1 G J{E). Put W = 7~i(E Fil,,) C E k)Q, (F ®q^, N°). 
As h' = -f-'^h-f G J(Qp), we have 7(t(7)-i G T/,(E) for every a G Gal(E/Qp2). By 
Lemma [3.20[ we have W = a{'~f)''^{E Fi^/). The commutative diagram 



E {F ®Q^, iV°) ^ E (F ®Q^, iV°) 

gjid (T(g)id 
^ ®Q,2 N°) ^ E (F iV°) 

tells us that (ex ® id)(iy) = ly. Therefore, by the Galois descent, there exists an 
F-subspace W C F(g)Q ^N" such that W = E0q^ W. It suffices to show that W = 
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(*) 

Fily'. By definition, W is the image of Fil^/ under the map F®q ^ N° — y F®q ^ N° 

obtained as the base change of 7"-^ : E {F ^ N°) — > E {F ^ N°) by 
E F — )■ F. Corollary EHU] tells us that the base change of 7"^ : E N° — > 
E N° by E Qp2 — > E coincides with ^(7)"^: E ^q^^ N° — > E 0q^^ N°. 
Hence (*) is equal to the base change of ^(7)^^ by E — )■ F, and we conclude that 
W' = ^(7)-i(FiU.O = FiV, as desired. 

Now we know that 7 : E N° E (^q^ gives an isomorphism of filtered 

isocrystals {E N°, $, E Fily/) ^ {E Oq^ N°, $, E Fil^/). It induces an 

isomorphism of corresponding Gal(F/F)-representations 7: E Vyi E 
\4'. Since h' = a{-fy^ha{-f) and y' = ^{a{-f))-\x') for each a G Gal(E/Qp), 
we may also define (7(7): E Vy' E Vx', which clearly coincides with 
(7(7) = (cr (g) id) o 7 o (cr (8> id)^^ by functoriality. By the construction, we have 
7(7(7)^^ = 7cr(7)^"'^ = Lh^xiicril)^^)- The relation h' = •y'^h'y is translated into the 
commutativity of the following diagram: 

9h' v' 

E Vy, E Vy, 

7 

9h x' 

E Vx' E (g)Qp Vx'. 

In other words, if we fix {Vx'^ipx') — {Ql'^, { , )) — (Yy'y'^y') regard 7 as an 
element of GSp2^(-E'), then we have gh',y' = l~^gh,x'l- Therefore, under the isomor- 
phism {gh,x}l^ H'^{Qp,Tg^ _^), the conjugacy class of gh',y' corresponds to the 
cohomology class of the cocycle a 1 — )■ 7(7(7)"^. This concludes the proof, since we 
have 7cr(7)"^ = thA'^^h)'^) = '•/i,x(ch,h'(^)) as mentioned above. I 

Corollary 3.24 Assume that h is elliptic. Let gh & G be an arbitrary element with 
gh h. Then, each [g] G {gh} st/^ satisGes the following: 

#{([/.'], x) I [h'] G {hU/-,x G Fix{h';Q), [^7,, J = [g]} = d\2'~\ 

Here [—] denotes the conjugacy class. 

Proof. For h' G {h}st, take 7 G J(Qp) such that h' = •y'^hj. Then ^(7)"^ induces a 
bijection Fix{h; Q) — y Fix{h'; Q). Thus by Proposition 13.231 we have 

#{x G Fix{h',n) I [gh',x] = [g]} = G Fix{h,n) \ J = [g]} 

= #{a; G Fix{h,n) \ Lh^Ch') = Cg}, 

where Ch' G H^{Qp,Th) (resp. Cg G i/^(Qp, T^^ ^)) is the element corresponding to 
[h'] G {/i}st/~ (resp. [^f] G {gh}st/^ = {gh,x}st/^) under the bijection in Proposition 
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I3.23l i). Varying [h'] (or equivalently c/i'), we obtain 

I [h'] e {Mst/~,x G Fix{h';Q), J = [g]} 
= #{(c,a;) e H\Qp,Th) x Fix(/i; fi) | l^Ac) = cj, 

whose right hand side is clearly equal to ^Fix{h; il) = d\2'^^^ (cf. Remark 13. 17p . I 
The following is an analogue of |Fal94[ Theorem 1] and |Str08l Theorem 2.6.8]: 

Proposition 3.25 Let x be as in DeGnition \3.18[ Assume that g E G is regular 
elliptic. Then, the number of fixed points in p]^^p{x) under the action of (g, h) is 
given by 

i^ilKp^ e G/Kp^ I 7i^/ = 9h'.19Kp^}- 
If h is elliptic, this number is equal to the orbital integral 

where IgKp^ denotes the characteristic function of gKp^ C G (for our normalization 
of the Haar measure, see the last paragraph of Section l3J\) . 

Proof. As in Theorem 13.131 ii), there exist a finite extension L' of L and x = 
{X,p,fi) G Mk{L') such that Pk{x) = x. Here, {X,p) is an Oi'-valued point of 
^ and r/ is a i^'-level structure on X, namely, a Gal(L/L')-invariant f^-orbit of iso- 
morphisms Qp"' Vp{X) preserving symplectic pairings up to -multiplication. 

Fix rj E rj. Then, by |RZ96t Proposition 5.37], the fiber pj^^{x) of pK- — > ^ 
at X can be identified with G/K. The identification is given as follows. Let 
x' = {X',p',r]') be another point in the fiber. Then, there exists a unique quasi- 
isogeny / : X' — )■ X satisfying p = {f mod p) o p'. This / automatically preserves 
polarizations on X and X' up to -multiplication. Choose a representative rj' in 
the level structure r/', and define 7 G G by the following commutative diagram: 

Ql'^Vpix') 

Vpif) 

lf^Vp{X). 



The class of 7 in G/i^ does not depend on the choice of rj' . 

Since {g^h) acts on p'^{x), it also acts on G/K by the identification above. 
We will show that this action is given by 7/^ 1 — > g^^-'^gK, where the element 

gh,x G G is given by the isomorphism Vx = Vp{X) Q^'^ {of. Definition I3.18p . 

Take {X',p',f]') G p^^ix) corresponding to "fK G G/K. Then {g,h){X', p',r]') = 
{X',p' o h,ri' o g). Since p^ o k o (p^)~^: D{X)q — > D{X)q preserves the Hodge 
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filtration, there exists a quasi-isogeny cj): X — y X such that p o h = {(p mod p) o p. 
For this (p, we have p = {{4>~^ o /) mod p) o (p' o h), where /: X' — y X is a 
quasi-isogeny as above. Now we have the following commutative diagram: 



p ^ 

9 

.2d 



> VpiX') 



^ V,iX') 



7 



Vpif) 



^V,{X) 



9h,x 



^V,{X). 



This diagram tells us that {g, h){X' , p' ,7]') corresponds to g^^rigK G G/K, as de- 
sired. 

Now we consider the fiber px!p(^) — P11{'^)Ip^- By |RZ96| Lemma 5.36], it is 
in bijection with G/Kp^. The action of ((?, /i) is given by 'jKp'^ i — y g^^.'ygKp^ . 
Therefore, the number of fixed points under this action is equal to 

i^ilKp^ e G/Kp^ I 7i^/ = QHl^iaKp^}- 

If h is elliptic, then g^^^ is regular elliptic by Proposition I3.19[ and thus the number 
above is equal to 

For later use, we will state our result for the action of the inverse element 

Theorem 3.26 Let {g,h) ^ G x J be an element and K a compact open subgroup 
of Kq normalized by g. 

i) If h is regular elliptic, then we have 

#Fix((g-.ft-');M,/p'=)= ^ 0,,,(^), 



xeFix{h;n) 



where the Haar measure on Z{gh,x) is normalized as in the last paragraph of 
Section \3.1[ The left hand side denotes the number of fixed points in the sense 
of lMielOa\ Definition 2.6]. 

ii) Assume that h is regular non-elliptic, and gK consists of regular elliptic ele- 
ments. Then there is no point on Mk/p^ fixed by {g~^, h~^). 
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Proof, i) Since the multiplicity at each fixed point in Q is one and pK,p is etale, the 
multiplicity at each fixed point in M^/p^ is equal to one (c/. [MielOat Proposition 
2.10, Proposition 2.11]). Therefore, we have only to count points in M^/p^ fixed by 
{g~^, h~^) (or equivalently, fixed by {g, h)) as sets. The desired equality immediately 
follows from Proposition 13.251 

ii) If there exists a fixed point, then we can find 7 G G and an integer n such 
that p''^l~^gh,xl € gK. Since gK consists of regular elliptic elements, gh,x is also 
regular elliptic. By Proposition I3.19[ this contradicts to the assumption that h is 
non-elliptic. I 

Corollary 3.27 In the setting of Theorem 13.261 i ). we have 

J2 #Fix((,-\/.-);M^//) = dl2'^''S0„^[^), 

where g^^ G is an arbitrary element with g^ ^ h. 
Proof. By Theorem 13.261 i) and Corollary I3.24[ we have 




as desired. 



4 Some formal models 

In order to apply the Lefschetz trace formula |MielOal Theorem 4.5], we need to 
construct a formal model of Mx for i^' in a certain family of compact open subgroups 
of i^o. 

4.1 Construction of formal models 

First let us recall the definition of a chain of lattices of Q^"' considered in |RZ96i §3]: 

Definition 4.1 The set .if of Zp-lattices of Qp'^ is said to be a chain of lattices if 
the following hold (c/. |RZ96t Definition 3.1]): 

— for L, L' G =Sf , we have either L G L' or L D L', 

— and for L G =Sf and a G Qp , we have aL G =Sf . 

Moreover, ^ is said to be self-dual if L G =Sf implies G =Sf , where denotes 
the dual lattice with respect to the fixed symplectic form ( , ) on Q^'^. 
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For a self-dual chain of lattices write Kc^ for the stabilizer of =Sf in G. It is 
a parahoric subgroup of G. Moreover, for an integer m > 0, we put 

Kjf^m = {(? G i^i? I for every L G g acts trivially on L/p"^L}, 

which is an open normal subgroup of Kjf. 

Let be the set oi g E G such that g^ = It coincides with the normalizer 
of in G. Furthermore, also normalizes K_^^rn for every m > 0. It is known 
that Ncfi is a compact-mod-center subgroup of G. 

In this subsection, we will construct a formal model ^y^m of Mkj^ ^ on which 
acts as isomorphisms. 

In the following, we fix a self-dual chain of lattices =Sf. First we recall the 
Rapoport-Zink space with parahoric level introduced in |RZ96| Definition 3.21]: 

Definition 4.2 Let be the contravariant functor Nilp — )• Set that associates 
S with the set of isomorphism classes of {{X^, pl)}^^^ where 

— Xl is a (i-dimensional p-divisible group X over S, 

— and Pi : X S — )■ Xi (8)5 S* is a quasi-isogeny (as in the definition of we 
put S" = S ^Zpo. Fp), 

satisfying the following conditions: 

— For L, L' G with L C L', the quasi-isogeny pi,/ o pj^^ : Xl (8)5 S* — > Xii (8)5 S* 
lifts to an isogeny Pl',l- Xl — > Xl'. 

— For L,L' as above, degpL',L = ^ogp^{L' /L). 

— For L G =Sf , the quasi-isogeny pp^, o [p] o p^-*^ : Xl ®5 5 — )■ XpL 0s S lifts to an 
isomorphism Op-. Xl XpL (here [p] denotes the multiplication by p). 

— There exists a constant a G Qp such that for every L G =Sf , we can find an 
isomorphism : Xl — > (X/^v)^ which makes the following diagram commu- 
tative: 

x®p^5 yXL^sS 

(such Al automatically satisfies A^ = — A^v). 

The functor is represented by a special formal scheme over Spf Zpoo . 

The group x J naturally acts on on the right; for (g, h) G x J, the 
action {g, h) : (S") — > ^j^{S) is given by {{Xl, Pl)} i — ^ {{XgL, PgL ° h)}. It is 
easy to see that {g, 1) with g G Kj^ and (p, p) act trivially on ^j^. 

Next we consider level structures on 
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Definition 4.3 For an integer m > 0, let „ be the contravariant functor 
Nilp — 7- Set that associates S with the set of isomorphism classes of {{Xl, pi, riL^m)}L£^ 
where 

— {{XL,pL)}Le^ e ^^(S), and 

— r]L,m'- L/p^L — y X^lp^] is a homomorphism 

satisfying the following conditions: 

~ VL^m is a Drinfeld m-level structure. Namely, the image of rji^rn gives a full set 
of sections of (c/. |KM85[ §1.8]). 

— For L,L' & ^ with L C L', the following diagrams are commutative: 



VL,7n VL'.m 



X 



L/p"'L^^pL/p"'+^L 



Xr 



VL,r, 

ml 



P 



-^X,L[pn 



There exists a homomorphism 'L/p^'L — )■ ppm such that for every L E ^ the 
diagram below is commutative up to constant which is independent of L: 



L/p'^L X Ip^V^ 



{ , ) 



XlIp"^] X Xl.[p- 



, id X Ar V 



-^Z/p'^Z 



It is easy to see that ^ is represented by a formal scheme which is finite over 
^_5f (c/. |KM85[ Proposition 1.9.1]). The group x J naturally acts on 
on the right; by {g,h) G x J, {{Xl, pi,riL^jn is mapped to {{XgL.pgL o 

h,rigL,m o 5')}lg^- It is easy to see that {g, 1) with g e K^^m and {p,p) act trivially 
on ^. By |Man04l Lemma 7.2], m}m>o forms a projective system of formal 
schemes equipped with actions of x J. 

Let Ms£,m be the intersection of the scheme-theoretic images of ^'cg — > 

^'s? m ^ — Obviously {^if,m}m>o again forms a projective system of 
formal schemes. 

Finally, let ^ be the closed formal subscheme of ^^^m defined by the quasi- 
coherent ideal of consisting of elements killed by for some integer / > 0. It 

is fiat over Spf Zpoo. We obtain a projective system of formal schemes {^_5f m}m>o 



equipped with actions of X ^ x J. Obviously we can identify -^^'^^ with ^ . 



Remark 4.4 By |RZ96l Proposition A.21], we can show that the natural map 
> is surjective for every m > 0. In particular, we have ^J-^g 



The formal scheme rn gives a formal model of the rigid space M^cg 
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Proposition 4.5 Assume that Kj^^. 

•^^^^m — ^Kc£ m '^^ tigid spaces over < 
and change of m. 



C Kq. Then, we have a natural isomorphism 
poo which is compatible with actions of NyX J 



Proof. First we construct a morphism M^j^ ^ — > Let 5 be a formal scheme 

of finite type over Spf Zpoo such that 5"^ is connected, and — )■ M^^ ^ a 

morphism OV6r \P'n°^ • 

It suffices to construct a morphism S"^ — > -^m^- 
By changing S by its admissible blow-up, we may assume that the composite 
S^^^ — Mj^^ ^ — )■ M extends to S — > ^ . Therefore, we have the following 
data: 



a p-divisible group X on S, 
a quasi- isogeny p : X ®f ^ S — 
definition of 

and a 7ri(5"s,x)-stable K^._ 



X Xg S satisfying the same condition as in the 



-orbit r] of an isomorphism 77: Z^' 



2d 



which preserves polarizations up to multiplication by . 

Here we put S = S ®Zpoo and fix a geometric point x of 5'''^. 
Fix rj E r]. It corresponds to a homomorphism rj: jl?^ 



X"*^. Choose 



Lq G =Sf with 1?^ C Lq and consider L E ^ with Lq C L C. p^^Lq. The image 
of L/Zp'^ C Qp'^/Zp'^ under 77 corresponds to a finite etale subgroup scheme of X"^. 
Since there are only finitely many such L, by the flattening theorem {of. |BL93] ). 
after replacing S by an admissible blow-up we may assume that for each L there 
exists a finite fiat subgroup scheme of X whose rigid generic fiber Y^'^ corresponds 
to the image t^^L/Ij^). Put X^ = X/Yi, and write v^l : X — > X^ for the canonical 
isogeny. The homomorphism rj: jl?^ — )■ X^^ induces r/^: / L — )■ X^'l, 
which corresponds to rji: L — y TpX2%. It is easy to see that this homomorphism 
fits into the following commutative diagram: 











^TpX^ 



VL 



^TpX^- 



-^L/Z 



2d 
P 



->0 



->0. 



In particular, 77^ is an isomorphism. 

For L, L' G =Sf with Lq C L C L' C p^^Lq, we have a natural closed immersion 
— ^ ^L'^- Since Yl and Y^/ are finite fiat closed subgroup schemes of X, this 
extends to a closed immersion Y^ — > Yy. Therefore we have a natural isogeny 
pL',L'- — > Xli. Clearly the following diagrams are commutative: 



If 



VL 



VL 



Pl'.l 



/L' 

Vl' 



TpX-^ 



VL 



Pl'l 



Vl' 



^TpX^^TpX^^. 
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For L ^ S£ with Lq C L C p ^Lq, Xl^ Xl^ factors as Xl^ ^^'^"> Xl ^°'^> Xlq- 
By the construction, we have the following commutative diagrams: 



Vl 



X 



L,x 



VL 



Next consider the level structure. For L G ^ with Lq C L C. p ^Lq, let Ki^rn 
be the kernel of GL(L) — > GL(L/p'^L). As the iC^,„-orbit of r^^: L — > TpXl% 
is '7ri(5'''s, x)-invariant, so is the i^^ m-orbit of rji. Therefore we obtain an isomor- 
phism L/p^L X^'^[p™']. Again by the flattening theorem, we may assume that 

this isomorphism extends to a homomorphism 'r]m,L'- L/p^L — y X^lp^] of group 
schemes. This is a Drinfeld m-level structure (c/. |KM85| Lemma 1.8.3, Proposition 
1.9.1]). For L, L' G ^ with Lq G L G L' C. p~^Lq, the following diagrams are 
clearly commutative: 



L/p'^L > L'/p'^L' 



Xr 



Vl 



Pt' t 



LP'"], 



L/p'^L yp-^Lo/p'^-^Lo 

VL,n 



VLo,m.op 

^^Lo^]. 



Now we extend the construction above to all L G =Sf ; take an integer n such that 
Lq C C p~^Lo, and put Xl = XpuL, fL = P"" ° fp^L- X — )■ Xl, Vl = 
Vp^L op": L ^ TpX^'l^- and r]L,m = Vp'^^m op": L/p'^L — > X^fp™]. Then, for 

L,L' E J!f with L C L', we have a natural isogeny Pl',l '■ Xl — > Xl' which makes 
the following diagrams commutative: 



Vl 



L/p^L vL'/p'^L' 



Vl' 



rp T^rig Pl',l rig 
^P^L,x ^ -'-P^L'^x 



Vl,, 



Xl\p'^]^Xl> 



Vl',, 



Indeed, take integers n, n' such that Lq C p^L C p ^Lq and Lq C p"" L' C p ^L 
(the assumption L G L' implies n < n'). If p"'L C L', we set 

Pl',l '■ Xl = XpnL '■ > X^n' L' = Xl'- 



If p^L D p"'' L' (in this case n < n'), we set 
Pl',l '■ Xl = X; 



^p"L 



Ppn' L' ,Lq 

^ Xlo ^ X^n' J , = Xl' ■ 



^p^ L' 
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Put PL 



X 



s 



Xl >^s <S- Then, it is straightforward to check 



that {(Xl, ?7i^m)}Le^ satisfies the conditions in the definition of (for the 

condition on polarizations, we can work on the generic fibers). Moreover, the iso- 
morphism class of {{Xl, pL,riL,m)}Le^ is independent of the choice of x, r] and Lq. 
Hence we get a morphism S — > ^^^^ ^ morphism ^ — > -^^'m- 

By the construction, it is easy to verify that this morphism is compatible with the 
actions of A^_^ x J and change of m. 



For m' > m, the transition morphism Mk. 



Kc£ „ is surjective. There- 



fore, the morphism Mkc^ „ 
•^'S\n every m' > m. Since 
with the intersection of the images of ^ 
have a morphism Mkj^ ^ - 



'■■'S^a factors through the image of 



/rig 



/rig 



is finite etale, ^^^^ coincides 
'^'m ^ m' > m. Hence we 



m of rigid spaces over 



Next we construct an inverse morphism ^ 



rig 



Let 5 be a formal 



scheme of finite type over Spf Zpoo such that S'^^^ is connected, and iS"^'^ 



a morphism over 



It suffices to construct a morphism 5"^ 



M, 



By 



changing S by its admissible blow-up, we may assume that the morphism S"^ 



^rig 



m of formal schemes over Zr,oo . Therefore, 



^t^oy m comes from a morphism S — f yfc ^ 
we have the data {(Xx,, p^, 7/L,m)} where 

— Xl is a p-divisible group on iS, 

— Pi : X S — )■ X/, X5 5 is a quasi-isogeny, 

— and 7]L,n!: L/p^L 

satisfying suitable conditions (c/. Definition 14. 3p . 

Fix a geometric point x of 5'''^. By the definition of ^^,m, we can find a family 
of isomorphisms {77^: L TpX'^l^} ifzj^ satisfying the following: 

(a) r]L mod = r]L,m,x- 

(b) For L,L' E ^ with L C L', the following diagrams are commutative: 



Vl 



Pl',l 



rp x^rig ^-^ .-t-, yng 



Vl' 
rig 



VpL 



rp -^ng '^P , rp -^rig 



(c) Fix an isomorphism Zp — )■ Zp(l). Then, for every L G the diagram below 
is commutative up to constant which is independent of L: 



( , ) 



T y T ' dxA^y i-ig ^ T^Vrig 



-^Zp(l). 
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Fix Lo e ^ such that Lq C Z^*^. The homomorphism r]Lo- Lq — > TpX^^^- can be 
identified with 77^^: QI'^/Lq — > Xi^-. We will see that the image r]Lo{Zf / Lq) of 
1?pILq under r\j^^ is 7ri(<S"^, x)-stable. Indeed, for each a e 7ri(<S"^,x) and L e =5f, 
we can find gi^^rj G GL(L) such that a o r)L — rjL o gi^ u. By (b) above, if we regard 
GL(L) as a subset of GL2d(Qp), then gi^a^ = gLo,a for every L G Moreover, (a) 
tells us that gLQ,<T = gL,cr lies in the kernel of GL(L) — > GL{L/p"^L), and (c) tells us 
that gLo,a e GSp2rf(Qp). We conclude that gLo,a e Kj^,m, and thus gL^^^ e Kq by the 
assumption. Hence a{'qLo{'^f I Lq)) = rjLoigLoAK'^/ ^o)) = VloC^'^/ Lq), as desired. 
Therefore, the subset rjLoi'^l'^ / Lq) '^p-^Lox corresponds to a finite etale closed 
subgroup scheme of X^^- By the fiattening theorem, after replacing S, we may 
assume that this subgroup scheme comes from a finite fiat closed subgroup scheme 
Y of Xi^y Put X = Xl^JY. Then, by the similar argument as above, wc have an 

isomorphism rj : 1?^ T^X^^^ which makes the following diagram commutative: 

U ^'Lf 



Let p be the composite X S X5 S — > X X5 S. We will show that the 

triple {X, p, 77) gives an 5'^'S-valued point of M^^ ^. For existence of a polarization, 

let X: X ^ X^ be the quasi-isogeny X ^ Xl ^ (^lv)^ — > X"", 

where (*) is the quasi-isogeny p^v if -L C L^, and lv)~^ if L^ C L. Then, the 
following diagram is commutative up to multiplication by : 

Q^'^ X ''-^ > Qp 

VpXl!^ X VpX^'^ ^ VpXli^ X VpX^^'^ > Q,a), 

where the isomorphism Qp — > Qp(l) is induced from the isomorphism Zp — > Zp(l) 
fixed in (c) above. In particular X{TpX^^) — TpX^^^^, and thus A is an isomorphism. 
It obviously satisfies that 0X0 p — aXo for some a G Qp . The diagram above also 
tells us that r] preserves polarizations up to multiplication by Z^ . On the other hand, 
the K^^^-oxhii of 77 is invariant under 7ri(5'''§, x) simply because the K^^^-oihii of 
r|L^^ is invariant (recall that we have proved gLo,a ^ -Kjf,m)- 

Now we obtain an <S'''^-valued point {X, p, rj) of Mk^ ^ . It is easy to see that 
it is independent of the choice of x and Lq. Hence we have a canonical morphism 
^rig _^ Mk^^ , and thus ^ Mk^^^. 

It is not difficult to show that the morphisms Mk^ ^ — )■ and -M^^^ — )■ 

Mk,^ m we have obtained are inverse to each other. As ^^^^ — -^^^^'^t we have a 

desired isomorphism M^c^ ^ — ■^^f'^^- I 
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4.2 Boundary strata 

Definition 4.6 For an integer h with 1 < h < d, let »Soo,/i be the set of totally 
isotropic subspaces of dimension h of Q^"'. Recall that a subspace V of Qp'* is said to 
be totally isotropic if F C V-^. For a lattice L of Z^'' and an integer m > 0, denote 
by SL,m,h the set of direct summands of rank h of L/p^L. 

For a self-dual chain of lattices =Sf of Qp'^ and an integer m > 0, we have a 
natural map Soo,h — > Uhe^ <SL,m,h; V i — )■ Vj^^ra = {VfM mod p"')LeJ^. Wc denote 
its image by Sj^^rn,h- The group Nj^ acts naturally on S^^h and Yl];^^^SL,m,h, and 
the map above is equivariant with respect to these actions. Therefore also acts 

on S^^rn,h- 

Put Soo = [jh=i<Soo,h and >S^,„ = \Jh=i^-!^,rn,h- For two elements a = {01)1, 
P = {Pl) l in 5_5f^m, we write a -< /3 if a/, D for every L G =Sf . This gives a partial 
order on S^^ra- The action of on 5^^^ obviously preserves this partial order. 

Lemma 4.7 For every m > 0, »S^,rn a finite set. 

Proof. Since -ft^ ,m acts trivially on S _^^rn, we have a natural surjection K^^rnX^oo — ^ 
S^,m- Therefore it suffices to show that i^if,m\»5oo,/i is a finite set for each 1 < h < d. 
For an integer m' > 0, let K^' be the kernel of Kq — > GSp2d(Z/p"^'Z). Then, 
for a sufficiently large m', we have K^' C K^,m- Therefore it suffices to show 
that Km'\Soo.h is a finite set. Fix an element V of Soo,h, and denote by P the 
stabilizer of V in G. It is well-known that G acts transitively on S^oM and P is a 
parabolic subgroup of G. Therefore, by the Iwasawa decomposition G = KqP for 
the hypcrspccial subgroup Kq, we have 

Km'\Soo,h = Km\G/P ^ Km'\Ko/P H Kq, 

which is obviously a finite set. I 

Put ^^^m^s = -^^^m '^ipoo IFp- To a e S^^m, we will attach a closed formal 
subscheme ^jf^^^Q, of ^^^^^g- ^ family {^^if^^^alaes^ m of these formal subschemes 
plays a role of the "boundary" of Mk^ ^ inside ^^^j^- 

Definition 4.8 For a = (0^)^ G S_^^m, we define the subfunctor ^^^a of 

as follows: for an Fp-scheme S, {{Xl, PL:VL,m)}Lej^ e ^^^^{S) lies in ^^^m,aiS) 

if and only if riL,m\aj^ — for every L e 

Lemma 4.9 The subfunctor ^^^^^^ represented by a closed formal subscheme 

Proof. Obviously, for each L G =Sf the condition rji^rnlaj^ = gives a closed formal 
subscheme of ^^^m^g- Therefore it suffices to show the equivalence of r]L,m\aj^ — 
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and r/pLmL-L = 0. Since a G iSjf m, we have a„L = pai- Therefore the commutative 
diagram 

Xl[p^]^^X,l[p"'] 

in the definition of ^ gives the equivalence. I 

The following lemma is clear from the definition: 
Lemma 4.10 i) The action of J on ^ preserves the closed formal subscheme 

ii) For g ^ N^, the right action g: ^j^^^ — > ■^!^,m induces an isomorphism 

For a G S^^m, put M^^^ = t(-^_^ma)a- is a closed analytic adic subspace 
of M'^,m,s = t{'^'j,,m,s)a- Moreover, set M^^^^^^^ = M^_^_, \ [j^^^M%^^^^. It is a 
locally closed subset of Af^^^. 

Proposition 4.11 i) For a,(3e S^,m with a ^{3, „^ n „^ = 0. 

ii) Assume tiat d = 2. Then, we have M%^^^^ = Uae5^,^ ^^,m,(a)- 

Proof. We use the p-adic uniformization theorem. Fix a compact open subgroup 
of GSp2rf(Aj). By |IM10l Lemma 4.1], we may assume that (X, Aq) comes from 
a polarized d-dimensional abelian variety. Let Sh ^^kp be the moduli space over Zpoo 
of "=Sf-sets" of abelian varieties with principal polarizations and i^^-level structures 
introduced in [RZ96[ Definition 6.9]. We shrink so that Sh^^^p is represented 
by a quasi-projective scheme over Zpoo. For simplicity, we write Sh^ for Sh^ ^^p. By 
using Drinfeld level structures, we can construct towers {Sh^^}m>o, {S^j^,m}m>o 
and {Sh^^}m>o over Sh_^ similarly as in Definition 14.31 These towers are endowed 
with right actions of A^_^. Let be a closed subset of Sh^^ consisting of super- 
singular points, and (Sh^^^)^^^ the formal completion of Sh^,^ along Y^. The 
p-adic uniformization theorem |RZ96[ Theorem 6.30] tells us that we have a natural 
iV_^-equivariant etale surjection 

(note that GSpg^ satisfies the Hasse principle; of. |Kot92| §7]). 

Put ShKf m,s = Sh^ (g)2^ooFp. For a G Sjc^m, we can define a closed subscheme 
Sh^ ,^ ,^ of Sh^^ j^ g in the same way as ^jc^m,a- construction of 9m, ■^jc^m,a 

is isomorphic to the fiber product ^jc^m,s ^sh^ ^^%',m,a- Thus, as in [MielOat 
Example 4.2], we can reduce our problem to an analogue for {Sh^ „j^}; namely, for 
Sfi^,m,(a) = Sh^ „ \ IJ/3^Q ^^^j^,m,/3^ sufficcs to show the followiug: 
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(I) For a, /3 e 5^,^ with a ^ /3, Sh^ „^^^^^ n Sh^ „,_(^) = 
(II) Under the assumption = 2, we have Sh^ ^ ^ \Yj^ 



0. 



Sh 



Let X = {{AL,r]L,m)}Le^ e Sh^^^(Fp). We shall prove that {{Keirn, 



lies in 

X can be 



<S^,m provided that T]L^rn 7^ for some L. Since Sh^^^ is flat over Zpo 
lifted to a point on the generic fiber. Therefore, we can find 

— a finite extension F of Qp=o, 

— an "=Sf-set" of p-divisible groups {X^} with a principal polarization { A^} 
{cf. |RZ96[ Definition 6.5, Definition 6.6]) whose special fiber can be identified 
with {Al[p°°]}l^^ (with the implicit polarization), 

— and a family of isomorphisms {t]l- L TpXi^ri}L&^ (here X^^j^ denotes the 
geometric generic fiber of Xl) satisfying the following conditions: 



(a) Denote hy rji the composite L 



TpXi^fj 



TpXis, where X^^ denotes 



the special fiber of Xl. Then, rjL modp™ coincides with rjL^m under the 
identification of and Xl,s- 

(b) For L,L' & ^ with L C L', the following diagrams are commutative: 



L- 



L 



xp 



VL 



TpXi^rj ■ 



= Vl' 



VL 



T„X 



= VpL 
— r ± pyVpl^ -q. 



(c) Fix an isomorphism Zp — > Zp(l). Then, for every L E =Sf, the diagram 
below is commutative up to constant which is independent of L: 



{ , > 



id X A r V 



TpXi^rj X TpXiv^Tfj —t^ TpXi^rj X TpX'^^^ 



-^Zp(l) 



Let V be the kernel of rj^i 



fp' 



YpX^^s- By the first diagram in 



(b) above, V is independent of the choice of L. Moreover, we have Ker r^j^ = V f] L, 
and thus Ker rj^^rn = V H L mod by (a). In particular V ^ 



as we are 

2d 



assuming that "qi^^m 7^ for some L. Therefore, it suffices to prove that ^ C 
is coisotropic, that is to say, satisfies C V . Denote by A the quasi-isogeny 

(*), ^ -"^lv 



X 



Xr 



-> Xl, where (*) comes from the .^'-set structure of {Xi,}l^^. This 



induces an alternating pairing 



id X A 



Qp(i). 



( , )a: ypXl^Tl X VpXi^ji > VpXi^rj X ^pXi j^ 

By the commutative diagrams in (b) and (c) above, rji ®Zp C 
VpXi fj maps the pairing ( , ) to a scalar multiple of ( , )\ under an identification 



If 
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of Qp = Qp[l). Thus, it suffices to show that the kernel of the speciahzation map 
VpXL^rj — > VpXi^s is a coisotropic subspace of YpXi^rj with respect to ( , )a- To 
prove it, we can argue in the same way as in the proof of |IM10[ Lemma 5.8]. 
Let us recall the argument briefly. Take an exact sequence of p-divisible groups 
— )■ X° — Xl^s — )■ Xf ,. — y 0, where X° is connected and Xf^ is etale. 
It is canonically lifted to an exact sequence — )• X° — )■ Xi — )■ X£* — )■ over 
Of, where Xf is an etale p-divisible group (c/. |Mes72t p. 76]). It is easy to see 
that the kernel of V^X^ ^j — V^X^ coincides with VpX^ -^. Therefore it suffices 
to prove that the composite of Galois-equivariant homomorphisms (V^X^^)-*- ' — y 
VpXi -fj — ^ ^pX'ij^ is zero. This follows from the p-adic Hodge theory, noting that 

A: YpXi^rj ^pX^^rj = (V^-^L,rj)^(l) iuduccs a Galois-equivariant isomorphism 

(VpXi^)^ = (i^pXiy 

Now we can show (I) and (II) above. For (I), assume that x = {{A^, rii m)}LG^ ^ 
Sh^ ,^ .,(Fp) lies in Sh^ ,^ Then C Ker r]L,m for every L G =Sf, or equivalently, 
a -< {{Ker r]L,m)^)L- As x belongs to Sh^ ,„ ((j^^^,^^ ^)X)^(Fp), we conclude that a = 
{{Ker riL,m)'^)L- In particular, for x G Sh^,„ ,,(Fp), there is at most one a G 5^,m 
with X G Sh^ (^)(Fp). This concludes the proof of (I). For (II), assume that 
VL,m = for every L G =Sf. By |HT01t Lemma II.2.1], Ai[p°°] has no etale part. 
Since the rational Dieudonne module D[Al[p°°])q is polarized, |IM10| Lemma 4.1] 
tells us that, under the assumption d = 2, Al is supersingular, namely, x G F^(Fp). 
Hence we conclude that ShK^ ,^ ,, \Y^ = Uqgs^ ,„ Sh^ ,^ as desired. I 

Remark 4.12 For every quasi-compact open formal subscheme of 

can choose the level C GSp2^(Aj) such that 6m\9/ is an isomorphism from 

onto the image (c/. |Far04| CoroUaire 3.1.4]). In particular, the formal scheme ^ 
is locally algebraizable in the sense of [MielObt Definition 3.18]. 

4.3 Group action on tS^ ^ 

In this subsection, we assume that d = 2. In this case, by the Bruhat-Tits theory, 
we can easily classify self-dual chains of lattices: 

Lemma 4.13 For every self-dual chain of lattices , we can find g E G so that 
is one of the following: 

(hyperspecial type) Jfo = {p'^Z^ \ m E Z}. 
(paramodular type) 

^para = {p"'-%®p"'Zp®p"'Zp®p"'Zp, p"'Zp®p'^Zp®p"'Zp®p"'+^Zp | m G Z}. 
(Siegel parahoric type) 

=^Siegel = -^0 U {p'^Zp © p™Zp © p™+iZp © /"+iZp I m G Z}. 
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(Klingen parahoric type) =^Kiingon = =S^o U ^para- 

(Iwahori type) = ^Siege\ U =Sfpara- 

Lemma 4.14 Every maximal compact-mod-center subgroup of G is conjugate to 

one of A^^o, N^^^^^ or N^^io^^^. 

Proof. Since a compact-mod-center subgroup is contained in the normalizer of some 
parahoric subgroup, it suffices to show that iV^KUngcn = ^ ^^para N_^^^ = 

For a self-dual chain of lattices J^, let =Sf+ be the subset of ^ consisting of 
lattices L such that L"^ = aL for some a G Qp, and put =Sf_ = =^ \ =Sf+. Then, 
clearly g E preserves =Sf+ and If ^ = ^^Kiingen, then =Sf+ = and 

= -^para- This implies that iV^KUngcn contained in N^^ fl N^^^^^. The other 
inclusion is obvious. If =Sf = =^iw, then we have .5f+ = -Sfsiegei and =Sf_ = ^^para, 
which gives N^, = N^„. , fl N^f . I 

o ■'^Iw =^Sicgcl =-Z-para 

The following proposition is very important to control the group action on the 
"boundary strata" of the Rapoport-Zink spaces introduced in the previous subsec- 
tion: 

Proposition 4.15 Let ^ be one of ^o, =^ara or ^siegei- Tlien, for 1 < h < 2 and 
m > 1, the natural surjection Soo^h — > S^^rn,h induces a bisection K^^rn\Soo,h — > 

Before proving it, we give its immediate corollary: 

Corollary 4.16 Let be as in Proposition \4.15\ For g G and an integer 
m > 1, assume that gK^ ^ = K^^^g consists of regular elliptic elements. Then the 
action of g on S^^m has no fixed point. 

Proof. Assume that g has a fixed point Vjf,™ ^ ^^^m with V G Soo. Then Proposi- 
tion 14.151 says that K^^^ng intersects the stabilizer P of V" in G. Since P is a proper 
parabolic subgroup of G, it has no regular elliptic element (Lemma I3.16p . This 
contradicts to the assumption. I 

We will give a case-by-case proof of Proposition 14.151 



4.3.1 Hyperspecial case 

Here we consider the case .if = =Sfo- For V, V G S^o^hi put / = V H and 
I' = V (1 Zp. Under the assumption / = /' (modp*"), we will prove that there 
exists g G -fC^b.m with /' = gl. 

First consider the case where h = 2. Fix a basis x,y & I. Since the lattice 
is self-dual, we can find z,w eZ^ such that {x,z) = {y,w) = 1, {x,w) = {y,z) = 
(note that Homgj^(Zp, Zp) — )■ IIom2p(/,Zp) is surjective, as / C Z^ is a direct 
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summand). Replacing w by w + {z, w)x, we may assume that {z, w) = 0. It is easy 
to see that x, y, z, w spans a self-dual Zp-lattice of contained in Z^. Therefore 
x,y,z,w form a basis of Z^. Take x',y' G /' such that x = x'.y = y' (modp™). 
Since a:', y' , z, w form a basis of Z^, we can take A, B,C,D E Zp so that z' = Az+Bw 
and w' = Cz + Dw satisfy {x', z') = {y', w') = 1 and {x', w') = {y', z') = (note that 
we have {z',w') ~ automatically). These are equivalent to the following identity 
of matrices: 

[A B\ f{x',z) {y',z)\ ^ (I 0\ 
\C d) \{x',w) {y',w)J [O ij- 

By using the fact x' — x,y' — y & P^'^p, it is immediate to observe that 

^X' Z) jy' Z)\ 

\{x',w) {y',w)J 

Therefore we can conclude that A,D E 1 +p™Zp and B,C E p^Zp. In other words, 
we have z' = z,w' = w (mod p"^). In particular, x', y', z', w' form a basis of Z^. Let 
g be the automorphism of Z^ that maps x to x', y to y', z to z' and w to w'. Clearly 
g is an element of i^^o,m satisfying gl = I'. 

Next consider the case where h = 1. Take a basis x of / and a basis x' of /' such 
that X = x' (mod p"). Put = V-^ (1 Z^ and /'^ = V'^ n Z^, which are direct 
summands of rank 3 of Z^ satisfying /-*- = /'-*- (mod p™). There exists y E I'^ such 
that X and 7/ span a totally isotropic direct summand Ii of rank 2 of Z^. Take an 
arbitrary element y' E I'-^ such that y = y' (mod p"*). Then x' and y' span a totally 
isotropic direct summand I[ of Z^. By the argument in the case h = 2, there exists 
g E K_^Q^jn satisfying g[x) = x' and giy) = y' . In particular, we have gl = I'. 

4.3.2 Paramodular case 

Here assume that =Sf = =Sfpara- Put L = p~-'^Zp © Zp © Zp © Zp. Then we have 
= Zp © Zp © Zp © pZp and [L : L^] = p^. In particular, g E G lies in if and 
only if gL — L. For every x,y E L, we have {x, y) E p^^Zp. We introduce temporary 
terminology: 

Definition 4.17 An clement x of L is said to be primitive if x ^ pL. A primitive 
element x of L is said to be type (I) if {x, y) E p'^'Lp \ Zp for some y E and x is 
said to be type (II) if {x, y) E 'Lp for every y E L. 

Remark 4.18 A primitive element of type (I) is of the form {p~^a,b,c,d) where 
a, b,c,d E Zp and either a ^ pZp or d ^ pZp. A primitive element of type (II) is of 
the form (a, b, c,pd) where a, b,c,d E Zp and either b ^ pZp or c ^ pZp. 

Lemma 4.19 i) Let x E L be a primitive element of type (I), and y E L an 
element satisfying {x, y) E "Lp. Then there exists X E 'Zp such that y — Xx is not 
primitive of type (I). 
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ii) For every primitive element x E L of type (II), there exists a primitive element 
y E L of type (II) such that {x, y) = 1. 

iii) Let m > 1 be an integer. For x,x' E L with x = x' (mod p"^), x is primitive of 
type (I) (resp. (II)) if and only if x' is primitive of type (I) (resp. (II))- 

iv) Let X and y be primitive elements of L. If x is type (I) and y is type (II), then 
the Tjp-submodule of L generated by x and y is a direct summand of rank 2 of 
L. 

Proof, i) Write x = {p~^a, b, c, d) and y = {p~^a', b', c', d') with a, b, c, d, a', b', c', d' G 
Zp. Since x is primitive of type (I), a or c? is a unit. If a is a unit, by replacing y by 
y — {a'/a)x, we may assume that a' = 0. Since {x,y) = p~^ad' + be' — b'c G Zp, d' 
lies in pZp. Therefore y is not primitive of type (I). If d is a unit, by replacing y by 
y — {d'/d)x, we may assume that d' = 0. A similar argument as above tells us that 
a' G pl^p, namely, y is not primitive of type (I). 

ii) Since x is primitive of type (II), we have x = (a, b, c,pd), where a, b,c,d E Zp 
and either b ^ pZp or c ^ pZp. We can find b', c' G Zp such that be' — eb' = 1. For 
y = (0, b', e', 0) G L, we have {x, y) = 1, as desired. 

iii) It is clear that x is primitive if and only if x' is primitive. Moreover, noting 
that {x,y) — {x',y) = {x — x',y) G p"^~^Zp C Zp, it is also immediate to see that x 
is type (I) (resp. (II)) if and only if x' is type (I) (resp. (II)). 

iv) Write x = {p~^a,b,e,d) and y = {a' , b' , e' , pd') as in Remark 14.181 To show 
that they generates a direct summand of rank 2 of L, it suffices to see that there 
exists a 2 X 2-minor of the following matrix whose determinant is a unit in Zp: 



/ a 


pa'\ 


b 


b' 


e 


e' 


\d 


pd') 



It is clear from the assumptions that a or c/ is a unit, and b' or e' is a unit. I 

Lemma 4.20 Let I be a totally isotropic direct summand of rank 2 of L. Then 
there exist a primitive element x E I of type (I) and a primitive element y E I of 
type (II). These elements x, y form a basis of I. 

Proof. Take a basis x, y of /. Obviously they are primitive. First prove that one of x 
and y is type (I). Suppose that both x and y are type (II), and write x = (a, b, e,pd) 
and y = {a' , b' , e' , pd') as in Remark 14.181 Then, since x and y generates a direct 
summand of L, there exists a 2 x 2-minor of the following matrix whose determinant 
is a unit in Zp: 



/pa 


pa'\ 


b 


b' 


e 


e' 


\pd 


pd') 
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Namely, be' — b'c G . Therefore, we have {x, y) = p{ad' — a'd) + he' — b'c G . 
This contradicts to {x, y) = 0. 

Next, assume that x is type (I), and find an element of / which is primitive of 
type (II). Since (x, y) = E Zp, Lemma l4. 191 i) tells us that there exists A G Zp such 
that y — Xx is not primitive of type (I). On the other hand, y — Xx is primitive since 
x,y — Xx form a basis of a direct summand /. Thus we can conclude that y — Xx is 
primitive of type (II). 

Finally, let x (resp. y) be an arbitrary primitive element of type (I) (resp. (II)) 
of /. Then, Lemma [4. 191 iv) tells us that x and y form a basis of /. I 

Lemma 4.21 Let I be a totally isotropic direct summand of rank 2 of L, x E I a 
primitive element of type (I) and y E I a primitive element of type (II). Then there 
exist z,w E L satisfying the following conditions: 

— X, y, z, w form a basis of L. 

- {x, z) = p-^, (y, w) = 1, (x, w) = {y, z) = {z, w) = 0. 

Moreover, if we are given an element u E L satisfying {x, u) G p^^Zp \ Zp, then we 
can find z and w so that {z, u) = {w, u) = holds. 

Proof. It suffices to show the latter part, since we can always find such u E L. 

It is easy to see that the images x,y,u E L/pL of x, y, u are linearly independent 
over Fp. Therefore, we can find v E L such that x,y,u,v form a basis of L/pL. 
Then x, y, u, v form a basis of L. Since {u, v) E p~^Zp and {u, x) E p~^1ip \ Zp, there 
exists a E Tjp satisfying (u, f ) = a{u,x). Therefore, by replacing v hj v — ax, we 
may assume that {u,v) = 0. 

Denote by I' the Zp-submodule of L generated by u, v. It is a totally isotropic 
direct summand of rank 2 of L. The pairing ( , ) induces an isomorphism of Qp- 

vector spaces Jq^ i^QpY ^ where (— )qp = (— ) ®Zp Qp- Thus we obtain a basis 

x^,y'^ of Jq^ satisfying {x,x^) = {y,y'^) = 1 and = (y, x^) = 0. Since I' is 

totally isotropic, and belongs to L^. As L'^ C L, we have x"^, G Iq HL = I'. 

Let /" be the Zp-submodule of /' generated by x^, y"^ , and L" the Zp-lattice of 
Qp generated by x, y, x^, y"^. Then we have L/L" = I' /I". Since L" is self-dual, we 
have C {L"y = L" C L. Therefore [L : L"] = p, and thus I' /I" = L/L" = Z/pZ. 
In particular, there exist a, 6 G Qp such that ax^ + hy^ ^ I'\ I" ■ Since y is primitive 
of type (II), h = {y,ax^ + by^) E lip. Therefore a ^ Zp, and thus p~^x'^ G L. 
Now we can easily observe that z = p~^x^ and w = y^ satisfy all conditions in the 
proposition; note that {p~^x'^,u) = {y^^ ,u) = since u, p'^x"^ and y"^ belong to /', 
which is a totally isotropic direct summand. I 

Now we can prove Proposition 14. 151 for h = 2. 
Proposition 4.22 If ^ = =^para and h = 2, we have K^ „i\SQo,h — Sj^>m,h- 
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Proof. Let V and V be elements of 5oo,2 such that V^,m = ^ m- I = VCiL and 
/' = y n L. Then I and J' are totally isotropic and 1 = 1' (mod p"*). It suffices to 
find g G K^,^ satisfying gl = I'. 

By Lemma [4.201 there exist a primitive element a; G / of type (I) and a primitive 
element y E I of type (II). Take x', y' G /' such that x = x',y = y' (mod p™). Then 
x' (resp. y') is primitive of type (I) (resp. type (II)) by Lemma l4.19l in). and x', y' form 
a basis of /' by Lemma 14.201 As p~"^{y' — y)EL, we have {x,p~"^{y' — y)) G p^^Z,p. 
Moreover, if {x,p~"^{y' — y)) G Zp, Lemma [4.191 i) enables us to find A G Zp such 
that p~"^{y' — y) — Xx is not primitive of type (I). Replacing y by y + p"^Xx, we may 
assume that p~"^{y' — y) is not primitive of type (I). 

By Lemma [4.211 there exist z,w E L such that 

- X, y, z, w form a basis of L, 

- {x, z) = {y, w) = 1, (x, w) = {y, z) = {z, w) = 0, 

- and {z,p'"'{y' - y)), {w,p-'^{y' - y)) G Zp. 

Indeed, if {x,p~"^{y' — y)) ^ Zp, we can apply Lemma [4.211 to u = p^"^{y' — y); 
otherwise the third condition is automatic since p^"^{y' — y) is not primitive of type 

(1). 

Since x', y', z, w form a basis of L, we can take A, B,C,D E Qp so that z' = Az + 
Bw and w' = Cz + Dw satisfy (x', z') = p~^, {y', w') = 1 and {x', w') = {y', z') = 
(note that we have {z', w') = automatically). These are equivalent to the following 
identity of matrices: 

(A B\ fp{x',z) {y',z)\ ^ (I 0\ 
\C D) \p{x',w) {y',w)J \0 IJ- 

By using the facts x' — x E p^L and {z,p~"^{y' — y)), {w,p~"'{y' — y)) E Zp, it is 
immediate to observe that 

\p{x ,w) {y,w}J 

Therefore we can conclude that A,D E 1 +p"^1jp and B,C E p'^'Lp. In other words, 
we have G L and z' = z,w' = w (mod p"^). In particular, x' ,y',z',w' form a 

basis of L. Let g be the automorphism of L that maps x to x' , y to y' , z to z' and 
w to w' . It is clear that g is an element of K^^m satisfying gl = I'. This completes 
the proof. I 

Finally we prove Proposition 14.151 for h = 1. 

Proposition 4.23 If ^ = ^para and h = 1, we have Kj^,m\Soo,h = Sj^^rn,h- 

Proof. Let V and V be elements of Soo,i such that = I = V r\ L 

and r = V' r\ L. It suffices to find g E Kjf^m satisfying gl = /'. 

Take a basis x of / and a basis x' of /' satisfying x = x' (mod p™). First consider 
the case where x is primitive of type (I). Then x' is also primitive of type (I) by 
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Lemma [4. 191 iii). Take z,z' & L such that {x,z) = {x',z') = p^^. Take an arbitrary 
primitive element y E L of type (II). By replacing it by y —p{x, y)z, we may assume 
that {x, y) = 0. Put y' = y — p{x', y)z'. Then y' is a primitive element of type (II) 
satisfying {x', y') = and y = y' (mod p"^). By the proof of Proposition \A.22\ we 
can find g G K^^rn such that gx = x'. 

Next consider the case where x is primitive of type (II). In this case x' is also 
primitive of type (II). By Lemma [4.191 11). there exist primitive elements z,z' E L of 
type (II) such that (x, z) = {x', z') = 1. Let us prove that we can find a primitive 
element y E L of type (I) satisfying {x,y) = and {p~^{x' — x),y) G Zp. Ifp~™(x' — 
x) is primitive of type (I), put y = p~^{x' — x) — az where a = (x,p~™(x' — x)). 
Then a G Zp as x is primitive of type (II), and (p~™(x' — x),y) = a{z,y) G Zp 
since z is primitive of type (II). If p~"^{x' — x) is not primitive of type (I), take 
an arbitrary primitive element w G L of type (I) and put y = w — {x,w)z. In 
this case, the condition {p~'^{x' — x),y) G Zp is automatic. Put y' = y — {x',y)z'. 
Then we have {x',y') = 0. Furthermore we have y = y' (modp™), for {x',y) = 
j9™'(p~™(x' — x),y) G p^Ijp. Hence, again by the proof of Proposition I4.22[ we can 
find g G -fGf,m such that gx = x' . I 

Now a proof of Proposition 14.151 for the paramodular case is complete. 
4.3.3 Siegel parahoric case 

Here we assume that =Sf = =Sfsiegei- Put Lq = Z^ and Li = Zp © Zp ©pZp ©pZp. We 
have pLq <Z Li d Lq and Lq/Li = Li/pL^ = F^. An element g E G lies in Kc(> if 
and only if gL^ = Lq and gLi = Li. 

Lemma 4.24 Let x,y & Lq and z,w E Li be elements satisfying 

{x,y) = 0, {x,z) = {y,w) = 1, {x,w) = {y, z) = 0, {z,w) = 0. 
Then, x, y, z, w (resp. px,py, z,w) form a basis of Lq (resp. Li). 

Proof. Let us prove that the images x,y of x,y in Lq/ Li form an Fp-basis of Lq/Li. 
Assume that u = ax + by E Li for a,b E Zp. Then, a = {u, z) G pZp and h = 
{u, w) G pZp, since the pairing ( , ) on Li takes its value in pZp. This implies that 
x,y E Lq/Li are linearly independent over Fp, and thus they form a basis. Similarly, 
we can prove that w; G Li/pLq form a basis of Li/pLq. From this, it is immediate 
to conclude the lemma. I 

Proposition 4.25 Let Iq be a totally isotropic direct summand of rank 2 of Lq and 
put Ii = Iq n Li. 

i) Assume that Iq = Ii. For a basis x,y E Iq = h, there exist z,w G Lq such that 
{x,z) = {y,w) = 1, {x,w) = {y,z) = 0, {z,w) = 0. 



36 



Lefschetz trace formula and £-adic cohomology of Rapoport-Zink tower for GSp(4) 

ii) Assume that [Jq : h] = p. For x E Io\Ii and y E Ii\ plo, x, y form a basis of 
/q. Moreover, there exist z E Li and w E Lq such that 

{x,z) = {y,w) = 1, {x,w) = {y,z) = 0, {z,w) = 0. 

iii) Assume that [Iq : Ji] = p^. For a basis x,y G Jq, there exist z,w E Li such that 

{x, z) = {y, w) = 1, {x, w) = {y, z) = 0, {z, w) = 0. 

Proof, i) Take u,v E Lq such that x,y,u,v form a basis of Lq. Since y ^ pLo and 
{x,y) = 0, either {u,y) or {v,y) is a unit in Zp. Therefore we may assume that 
{u,y) E Zp . Then there exists a E Zp such that {u,v — ay) = 0. Replacing v by 
v—ay, we may assume that {u, v) = 0. Let J be a direct summand of Lq generated by 
u,v, which is totally isotropic. The pairing ( , ) induces an isomorphism J ^> Iq . 
Therefore, there exists a basis z,w of J satisfying 

(x, z) = {y, w) = 1, (x, w) = {y, z) = 0. 

This concludes i). 

ii) It is immediate to see that x, y form a basis of Lq. We shall prove the existence 
of z,w. Take u E Lq (resp. v E Li) so that x,u (resp. y,v) form a basis of Lq/Li 
(resp. Li/pLo). Since y ^ pLo and {x,y) = 0, either {u,y) or (f,?/) is a unit in 
Zp. As (f,?/) E pZp, we have (m,?/) E Z^. Replacing t> by — ay for a suitable 
a G Zp, we may assume that {u,v) = 0. By the same argument as above, we can 
find z,w E Z,pU + ZpV satisfying 

(x, z) = {y, w) = 1, (x, w) = {y, z) = 0. 

We should prove that z E Li. Since px, y,pu, v form a basis of Li, it is easy to see 
that (m, z) E pZp for every u E Li. Therefore z E pL^ = Li, as desired. 

iii) Take u,v E Li such that u,v E Li/pLq form a basis of Li/pLq. Since 
Lq/Li — x,y,u,v form a basis of Lq. As in i) and ii), we may assume that 
{u,y) E Zp . For a = {u,y)~^{u,v) E Zp, we have {u,v — ay) = 0. Since {u,v) E pZp, 
the element ay belongs to Li. Therefore, replacing v by v — ay, we may assume that 
{u, v) = 0. By the same argument as above, we can find z,w E ZpU + Zpf C L\ 
satisfying 

{x,z) = {y,w) = \, {x,w) = {y,z) = Q. | 

Proposition 4.26 If ^ = =^siegei aiid h = 2, we have Ky^rn\Soo,h — Sy,m,h- 

Proof. Let V and V be elements of 5oo,2 such that Vy^m = Y^f m- -^^^ = V ^ Li 
and I'i = V n Li for i = 0, 1. Then Jj and I'i are totally isotropic and Ii = I'i 
(mod p™). It suffices to find g E K^^m satisfying qIq = Iq. 

Let us take x, y,z,w E Lq as in Proposition 14.251 For x', y' E Iq with x' — x,y' — 
y E p^Lq, we can take A, B,C,D E Qp so that z' = Az + Bw and w' = Cz + 
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satisfy (x', z') = {y', w') = 1 and {x', w') = {y', z') = 0. These are equivalent to the 
following identity of matrices: 

[A B\ f{x',z) {y',z)\ ^ (I 0\ 
\C d) \{x',w) {y',w)J [p Ij- 

By using the assumption x' — x,y' — y E p^Lq, it is immediate to observe that 

Hx' z) {y' z)\ ^^^^M.iZ,). 
\{x',w) {y,w}J ^ ^' 

Therefore we can conclude that A,D El +p"^'Lp and B,C E p^Tjp. In other words, 
2;', w' lie in IjpZ + ZpW and z' — z^w' — w E p^XpZ + p^ZpW. 

Now consider the three cases in Proposition 14.251 separately. First assume that 
Jo = h- Then Jq = /(, as Jq C Iq +p"^Lo C Li + pLo = Li. By the assumption 
Ii = I[ (mod p"*), we may take x',y' G Iq above so that x — x',y — y' G p^Li. 
Lemma 14.241 tells us that 

— X, I/, w and x', y', 2', w' are bases of Lq, 

— x,y,pz,pw and x' , y' , pz' , pw' are bases of Li, and 

— x', ?/' form a basis of Jq. 

Let g be the automorphism of Lq that maps x to x', y to y', 2 to z' and w to w'. It 
is clear that g is an element of -fGf,m satisfying (yf/o = Jq. 

Next consider the case where [Jq : /i] = p. In this case, we can choose y' so 
that y' belongs to I[ and y' — y E p"^Li, as Ji = (mod p"^). Then 2;' G Li and 
2;' — 2; G p'^Li] indeed, we have {y',z) = p"^{p~"^{y' — y),z) G p"^^^Z,p (note that 
z G Li) and thus B G p^+^Zp. Therefore, Lemma [4.241 tells us that 

— X, y, z, w and x', y', 2', are bases of Lq, 

— px, y, z,pw and px', y', z',pw' are bases of Li, and 

— x',y' form a basis of Jq. 

Hence the automorphism of Lq defined as above gives an element g G K^^m satisfying 
9I0 = I',. 

Finally consider the case where [Iq : Ii] = p^. Since z, w G Li, we have z' , w' G Li 
and z' — z,w' — w E p^Li. Lemma [4.241 tells us that 

— X, z, w and x', y', z', w' are bases of Lq, 

— px,py,z,w and px', py', z', are bases of Li , and 

— x',y' form a basis of Jq. 

Hence the automorphism of Lq defined as above gives an element g G -K"^,m satisfying 

gh = i'o- ' I 

Proposition 4.27 If ^ = =^sicgei aiid h = l, we have K^^m\Soo,h — Sy,m,h- 
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Proof. Let V and V be elements of 5oo,i such that Vy^m = ^ m- -^^^ -^i = ^ H Lj 
and I- = V r\ Li for z = 0, 1. Then we have Jj = I[ (mod p™). It suffices to find 
9 e Kj^,m satisfying gl^ = I'q. 

Take a basis a; of Jq and an element G /q such that x' — x G p"^Lq. Then x' is 
also a basis of Jg, for x' ^ pLo- Moreover, since x' — x E pLo C Li, x G Li if and 
only if x' G Li. 

First consider the case where Jq = /i- In this case, Jq = I[ as x' G /{. By 
the assumption Ii = I[ (mod p"^), we may take x' above so that x — x' G 
Let us observe that there exists y E Lq \ Li such that (x, = 0. Consider an 
Fp-linear map (x, — ) : Lq/Li — )■ Fp. Since dimif^ Lq/Li = 2, the kernel of this map 
is non-trivial. In other words, there exists u E Lq\Li such that (x, u) G pZp. Take 
V E Lq such that (x, f) = 1 and put y = u — {x,u)v. Then we have {x,y) = and 
y E Lq \ Li (note that {x,u)v G pLo C Li). Take z E Lq satisfying {x',z) = 1 and 
put y' = y — (x', y)z. Since (x', = (x' — x,y) G p"^Zp, we have y' E Lq \ Li and 
y' — y E p"^Lq. Let K (resp. V^') be a subspace of Qp generated by x, ?/ (resp. x', y'), 
and put Jj = y n Lj, = V H Li ior i = 1,2. Then it is easy to see the following: 

- V,V'eS^,2. 

— x,y (resp. x,py) form a basis of Jq (resp. Ji). 

— x',?/' (resp. x',py') form a basis of Jq (resp. 

- Ii = I'i (modp"^). 

Therefore, by the proof of Proposition 14.261 we can find g E K^^^n such that gx = x' . 

Next consider the case where /q 7^ l\. In this case, /q 7^ since x' ^ /(. In 
the same way as above, we can find y E Li \ pLq such that {x,y) = 0. Since 
x' ^ Li = pL\, there exists z E Li such that {x',z) = 1. Put y' = y — {x',y)z. As 
(x', y) = (x' — x,y) E p'^l'p, we have G Li \pLo and y' — y E p'^Li. Define V, V, 
li and II as above. Then it is easy to see the following: 

- V,V'eS^,2. 

— x,y (resp. px,y) form a basis of Jq (resp. Ji). 

— x',y' (resp. px',y') form a basis of /g (resp. 

- Ii = T'i (modp"*). 

Therefore, by the proof of Proposition l4.26[ we can find g E K^^^ such that gx = x'.l 
Now a proof of Proposition 14.151 for the Siegel parahoric case is complete. 

5 Open covering of the Rapoport-Zink space 

From this section, we convert the right action of G x J on the Rapoport-Zink tower 
to the left action by taking inverse. Therefore, the action of {g,h) E G x J on the 
cohomology H^^. is given by {g~^, h~^)*. 
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5.1 Definition of open covering 

Fix a chain of lattices ^ of Qp"^. Then we can consider (c/. Definition 14. 3p and 
its rigid generic fiber Mc^. We write Irr(=$f ) for the set of irreducible components of 
^^'^^ . For each a G Irr(^), the set -y^^^^ \ U/3eirr(if) an/3=0 ^ open in M^^^ ^ as 
•^^J^^ is locally of finite type over Fp. Let be the open formal subscheme of 
satisfying '^J'''^ = J^^^^ \ U/3Girr(if),an/3=0 the rigid generic fiber of '^a. 

As « C {^a}a£ivv{^) (icsp. {f/a}aGirr(if)) gives an Open covering of (resp. 

M^). For a, /3 G Irr(^), note that Ua^nUp ^ li and only if ^J^^^ n ^^'^'^ ^ 0, 
since UafMJp = and n % is flat over Zpoo. 

Clearly J naturally acts on Irr(^), and we have = ^ha for h E J. 

Lemma 5.1 i) Put Irr(=Sf)Q,,o = {«} and for m > 1 define the set \ii{^)a,m 
inductively as follows; Irr(=Sf)a,m consists of P E Irr(=Sf) which intersects some 
element in Irr(^)a „j_i. Then lTT{^)a^rn is a finite set. 

ii) Tie action of J on Irr(^) iias finite orbits. 

iii) For every a, (3 E Itt{^), the subset {h E J \ ha H /3 0} of J is contained in 
a compact subset of J. 

iv) For each a E Itt{^), the subgroup Ja = {h E J \ ha = a} is open and 
compact. 

Proof. Since ^^^^ is locally of finite type and every irreducible component of .M^^'^^ 
is projective, Irr(^)Q, i is a finite set. If lTT{J^)a,m-i is a finite set, h:i{^)a,m = 
U/3eirr(^)<:, m-i also a finite set. This concludes the proof of i). 

We assume that ^ = = {p^'L'^ \ m E 7^} and prove ii) and iii). In this 

case, ^jffg = ^ and the action of J on Irr(^o) is transitive ( |Vie08| Theorem 2]). 
Thus ii) is immediate. Let us prove iii). By the transitivity, we may assume that 
a = (i. Let be the Rapoport-Zink space for GL(2(i) corresponding to the p- 

divisible group X and Jql the group of self-quasi-isogenies of X which naturally acts 
on ^GL- The group J is a closed subgroup of Jql- By forgetting the condition on 
polarization, we have a natural closed immersion ^ " — > and the actions of J 
and Jgl are compatible. Therefore, it suffices to show that {h E Jgl„ \ haHa 0} 
is contained in a compact subset of Jgl, where a is regarded as a quasi-compact 
closed subset of ^g^ . This is essentially proved in [RZ96| proof of Proposition 
2.34]. 

Next we assume that if = J5fi„ = {p"'Z; © p'^+^Z^'^^* \ m E Z,0 < i < 2d}. 
Then we have a natural morphism vr: — > -^ifo' "^^ich is proper. Fix an 
arbitrary element /3 G Irr(^o) and let ai, . . . ,am be the collection of elements of 
Irr(=Sfiw) which are contained in 7r~^(/3). Since tt is J-equi variant, it is easy to observe 
Irr(=Sfi„) = UfeGJ Uili ^(^i- This concludes the proof of ii) in this case. To prove iii), 
let ao (resp. /3o) be an element of Irr(^o) which contains 7T{a) (resp. 7r(/3)). Then, 
{h E J \ ha r\ P 0} is contained in {h E J \ ha^ Cl /3q 0}, and thus we are 
reduced to the case =Sf = =Sfo. 
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Finally we consider an arbitrary S£ . Changing =Sf by gl£ with g & G, we 
may assume that is contained in =Sfiw Then we have a natural morphism 
vr : — > which is proper. By Remark 14.41 and Proposition 14. 5[ the 

induced morphism vr: M^^^ — is surjective, and therefore the morphism 
^^il'^ — ^ ^^'^'^ is also surjective (note that is flat over Zpcx>). For ii), let 
/3i, . . . , /3m. G Irr(^iw) be elements such that Irr(^i„) = U/teJ UI^i ^^^1 ai an 
element of Irr(=Sf ) which contains vr(/3j). Then {/i«j}/igj^i<j<m cover and we 

have Irr(=Sf ) = UheJ Ui^i ^'^i- To prove iii), take a[, . . . , a'/^, (3[, . . . , I3[ E Irr(^i„) 
so that n-^{a) C ULi «■ and 7r-i(/3) C U5=i /^j- We have 

{heJ\har]l3^0} = {heJ\ 7v-\ha) n 7r-i(/3) 0} 

c |J|J{/i G J I Kn/?; ^ 0}. 
1=1 j=i 

We already know that the latter set is contained in a compact subset of J. This 
completes the proof of ii) and iii). 

Let us prove iv). By |Far04| Proposition 2.3.11], there exists an open subgroup 
of J whose elements stabilize a. This implies that Ja is an open subgroup of J. In 
particular, Jq, is a closed subgroup of J. On the other hand, by iii), Ja is contained 
in a compact subset of J. Thus Jq, is compact, as desired. I 

Corollary 5.2 For each a G Itt{^), there exist only finitely many (5 G Irr(^) 
with UafMJp^ 0. 

Proof. By the construction, it is easy to see that ^J"*^ fl 'W^^'^ = unless /3 G 
lTT(^)a,2- Thus the claim follows from Lemma 15.11 i). I 

Consider the quotient ^^/p'^ of by the discrete subgroup C J. For 
a G Irr(=Sf)/p^, we write (resp. Ua) for the image of (resp. Ua)- Recall that 
we have an action of Ny on ^^/p^. Therefore, also acts on Irr(=Sf)/p^. This 
action factors through the quotient Ny /p^K^, which is a finite group. Therefore, 
each A^_5f-orbit in Irr(=Sf)/p^ is a finite set. We denote by /(-Sf) the set of A^^-orbits 
in Irr(^)//. For A G /(^), we put '^x = UaeA '^^ and Ux = [j^^^ Ua- Then 
and Ux are stable under the action of Nj^. Clearly J/p^ naturally acts on /(=^), 
and we have h'^x = '^hx and hUx = Uhx for h G J/p^ and A G /(.Sf). 

Since Ux is a finite union of t/a's, the following corollary is an immediate conse- 
quence of Lemma 15.11 and Corollary 15.21 

Corollary 5.3 i) For each A G there exist only finitely many fi G 

with UxnU^^ 0. 

ii) The action of J on /(=Sf) has finite orbits. In particular, there exist finitely 
many elements Ai, . . . , A^ of such that M^/p^ = IJ/tej UHi ^Ux^. 
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iii) For every X,fi e /(=Sf), the subset {h e J/p^ \ hUx n Uf, ^ 0} of J/p^ is 
contained in a compact subset of J/p^. 

iv) For each. A G /(=Sf), the subgroup J\ = {h E J \ hX = X} is open and compact- 
mod-center. 

Corollary 5.4 For A,/i G the set {h G J/p^ \ hUx nUf, ^ 0} is in fact a 

compact open subset of J/p^. 

Proof. Put Cx,fj. = {h E J /p^ I hUx fl f/^ 7^ 0} and consider the closure Ca,/^ in 
J/p^. By Corollary 15.31 iii). it is compact. The group Jx acts on Cx^^ and Ca,^ on 
the right. Since Jx/p^ is an open subgroup of J/p^, the quotient Cx^^/Jx is finite. 
Therefore Cx,^/ Jx is also a finite set. Since Jx/p^ is compact open, so is Ca,/^. I 

For a finite subset A = {Ai,...,Am} of we put '^x = fllii'^A,, Ux = 

fXiLi Uxi and Jx = {h^J\hX = A}. Since the group Jx/ flilli "^a^ acts faithfully on 
A, it is a finite group. Thus, Corollary 15.31 iv) tells us that Jx is an open compact- 
mod-center subgroup of J. 

For an integer s > 1, let I{^)s be the set of subsets A C /(=^) such that #A = s 
and Ux 7^ 0- The group J (or J /p^) naturally acts on I{^)s. 

Lemma 5.5 For an integer s > 1, the action of J on I{^)s has finite orbits. 

Proof. Let be the subset of I{^y consisting of elements (Ai, . . . , As) such 

that Ai,...,As are mutually disjoint and ?7{Ai,...,a4 7^ 0- It is stable under the 
diagonal action of J on I{^Y, and the natural surjection /(^)~ — )■ /(=Sf)s; 
(Ai,...,As) I — )■ {Ai,...,As} is obviously J-equivariant. Therefore it suffices to 
see that the action of J on J(=Sf)~ has finite orbits. 

Consider the first projection /(^)~ — > /(=Sf), which is J-equivariant. By 
Corollary 15.31 i). each fiber of this map is finite. Thus, Corollary 15.31 ii) tells us the 
finiteness of J-orbits in J(=Sf)7- I 

For an integer m > and A G /(=Sf), let ^x,m (resp. Ux,m) be the inverse image 
of '^x (resp. Ux) under J^^^^^jp^ — > Jl\^lp^ (resp. M^^rn/p^ — > M^/p^, where 
we put M^^rn = -^!^m)- Thesc are stable under the natural action of x Jx/p^ 
on ^^rn/P^ M^^rn/p'^- Similarly we define '^x,m and Ux^m- 

As rn is locally algebraizable (Remark I4.12p . |MielOa[ Proposition 4.6] tells 
us that the compactly supported cohomology 

KiUx,m) ■■= K{Ux,m ®Q,oo Qpoo, Qe) Q, 

is finite-dimensional. Two groups Nj^ and Jx/p^ naturally act on it. The action 
of Kj^^m C is trivial, and the action of Jx/p^ is known to be smooth ( [Ber94| 
Corollary 7.7], jFar04| Corollaire 4.4.7]). Therefore, for fixed g G iV^, the function 

VI,K^,^-- h^TT{{g-\h-'y,Hl{Ux,m)) 
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on Jx/p^ only depends on the coset gK^m and is locally constant. Extending it by 
0, we regard it as a locally constant compactly supported function on J/p^. 
The following construction is very important in this work. 

Definition 5.6 For each integer s > 0, take a system of representatives . . . , 
of the quotient J\/(=Sf)s+i. For m > and g G Nj^, we define a locally constant 
compactly supported function rjgXj^ ^ on J/p^ as follows: 



EE 



\S+t 



,t>0 i= 



r yoliJxJp^) 



Proposition 5.7 Let m > be an integer such that K^.^ C Kq, and g an element 
of N^. For every admissible representation p of J/p^, we have 

Tr{r,,K^„^;p) = TT{g;Hnz[pf''-) 

(for a definition of HyizIp], see Definition 13.31 and Definition 13.8)) . Moreover, the 
image of TjgXj^ ^ in l-i^J/p^) is characterized by this property. In particular, the 
image is independent of the choice of A^ ^ , . . . , A^ . 

Proof. By Remark 13. 4[ Lemma 13.61 and Proposition 14. 5[ we obtain the equality 
Tr(^;ffRz[p]^---) = 5^(-l)^+^Tr(^;Ext^,/^,(i/^(M^,„//),p)). 

On the other hand, we have an N x J/p^-equivariant Cech spectral sequence 

It is easy to see that E^^'^ = c-Indj Hl{U\ as A^^^f x J/p^-representations. 
Since c-Indj^ ^liUx^.^m) is projective in the category of smooth J/p^-modules, in 
the Grothendieck group of finite-dimensional representations of Njf we can compute 
as follows: 

i-^y^' Ext^,/,z (i/:(M^,„//), p) 

i,j>0 

k 

= E E(-i)^^*^^Extv(e-i<.„^c(t/A,,...),p) 

s,t,j>0 i=l 
k 

= E E(-l)^"'*Hom,^.,.M(^*(^A.,.™),P)- 

s,t>0 i=l 
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Therefore, 

TTig;H^z[pf'''-) = Yl ^("1)'^* ^r ((7; Hom,^^ ^/,z(i7*(f4^ p)) 

s,t>0 i=l 

as desired. 

The uniqueness of an element of ^{J /p^) with this property follows from |Kaz86t 
Theorem 0]. I 



5.2 Action of regular element 

Let ^ and m > be as in the previous section. We fix a regular element 7 G J and 
consider how 7 permutes the open subsets {U\}\(zi(^). 
First recall the following well-known lemma: 

Lemma 5.8 Let H be a connected reductive group over Qp, Zh its center and 7 G 
H(Qp) a regular element. Put H = H(Qp), Zh = Zh(Qp) and Z{-f) = Z(7)(Qp). 
Then the map Z{'y)\H — > H/Zh; h \ — > h^^'yh is proper. 

Proof. We have only to prove that the inverse image of any compact subset of H/Zh 
is compact. It follows from |HC70[ Lemma 18]. I 

Proposition 5.9 Let he the subset {A G /(^) | jUx n Ux ^ 0} of 

Then the left action of Z{;~^) on /(=Sf) preserves /(-^)7 and Z{^)\I{^)^ is finite. If 
7 is elliptic, is a finite set. 

Proof. Take a system of representatives Ai,...,Afc of J\I{^). Then, /(=Sf) can 
be identified with Y^i^iJ / Jxi- Since J\Jp^ is a compact open subgroup of J/p^ 
(Corollary 15.31 iv)). to show the finiteness of Z{'~f)\I{j!f)^, it suffices to show that 
the set {h G Z{j)\J \ '~iUh\^r\Uh\i 7^ 0} is compact. The condition ''iUhx^^UhXi 7^ 
is equivalent to Uh-i^h\i H Ux^ 7^ 0. By Corollary 15.41 the set {h' G J/p'^ \ UyXi H 
Uxi 7^ 0} is a compact subset of J/p^. Therefore, Lemma [5.81 tells us that the set 
{h G Z{'^)\J I Uh-i^h\, n Ux, 7^ 0} is compact. 

Assume that 7 is elliptic, namely, Z{'y)/p^ is compact. Then, for each A G 
1(^)7, the Z(7)-orbit of A is finite; indeed, the Z(7)-orbit can be identified with 
{Z {■y) / p^) / {{Z (j) n Jx)/v^)i and (^(7) H Jx)Ip^ is an open subgroup of ^(7)/^^. In 
other words, each fiber of the natural projection I{^)-y — > Z{'y)\I{^)^ is a finite 
set. Hence is a finite set. I 
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Definition 5.10 Put 

These are stable under the actions of iV_sf and Z{p(). 

Corollary 5.11 Let be the subset of /(-Sf ) consisting of X such that U\^rn H 

[/^,^ ^ 0. Then the left action of Z{^) on preserves and Z{-f)\I{^y^ 

is finite. If 7 is elliptic, I{^y^ is a finite set. 

Proof. It is an easy consequence of Proposition 15.91 and Corollary 15.31 i). Indeed, for 
a system of representatives Ai, . . . , for Z(7)\/(=Sf)^, Z {.^y^ is contained in 

the image of a finite set ULi{^ ^ ^i-^) I n Ux, ^ 0}. I 
Definition 5.12 Put 

'^^jjTt i^_J '^\,m.i ^7,?n l^_J Uxrn- 

These are stable under the actions of and Z{'-f). 



Remark 5.13 The closure U^^m of f/^,m is contained in f/^ ,^. Indeed, let x be a 
point in U^^m and take A G /(-^) such that x G Ux^m- Then Ux,m should be intersect 
U-y^rn and therefore A lies in I{^y^. 

If 7 is elliptic, then '^^^m is quasi-compact, and thus the cohomology H^^U^^rn) 
is finite-dimensional. For g G N_^, the alternating sum of the traces of (fi'~^,7~^) 
on HliJJy^rn) can be computed by the function rjgK^^ ^ introduced in the previous 
subsection: 

Proposition 5.14 Assume that 7 is elliptic. Then, for g G Ny we have 

i 

For our normalization of the Haar measure, see the last paragraph of Section I3.il 

Proof. For an integer s > 1, put Ii^)j,s = {A G /(=Sf)s | A C /(-Sf)^}. Then we 
have the Cech spectral sequence 

= Hl{Ux,m) =^ H-^+\U,,J. 
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Therefore, we can compute 

J2{-iyTr{{g-\r'y,Hl{U,,^)) = E ("l)^'^* Tr ((^-\ 7"^); if*(^A,^)) 

k 

= EE(-1)^"* E Tr((,-\7-^);//^(f/.A.,,™)) 

s,t>0 1=1 h£j/Jx^ . 

k 

= EE(-i)^^* E vi..K^j9,h-'^h) 

s,t>0 i=l h&J/Jx^ . 

For (*), note that if hX^ ^ (/i /(=Sf)^, then ■yhX^ ^ 7^ ^As,^; indeed, if an element 
A in hXgi \ /(=Sf)^ satisfies 7A G hX^^, we have f//iA^^ C Ux H U-yx = 0, which 
contradicts to the fact hX^i G /(=Sf)s+i. Thus hX^^ (ji imphes hr^^h ^ Jx_,^ 

Next we consider the case where 7 is not elhptic. In this case, the centrahzer 
2(7) is a maximal torus which is not anisotropic modulo the center of J. We can 
take a discrete torsion-free cocompact subgroup F of Z(7)/p^. 

Take a system of representatives A']^,...,AJ for Z{^')\l{^^y^. For each i with 
1 < z < /, let Ci be the subset of J/p^ consisting of /i G J/p^ such that there 

exist /ii,/i2,yU3 e with [/a^ n f/^,, 7^ 0, f/^, n f/^, 0, f/^^ n ^ 

and n f//iA' 7^ 0- By Corollary 15.31 i) and Corollary 15.4^ Ci is compact. Put 

Since F is discrete, C fl F is finite. Therefore, by shrinking F if necessary, we 
may assume that C fl F = { 1 } . 

Lemma 5.15 The quotient T\I{^)'^ is a finite set. 

Proof. As in the proof of Proposition 15. 9[ it follows from compactness of Z(7)/F 
and Corollary 15.111 I 

Lemma 5.16 For X G and 7' G F, assume that there exist fii, fi2, /^s £ H-^) 

such that Ux n t/^, 7^ 0, t/^, n Uf,^ 7^ 0, f/^^ n 7^ and n t/yA 7^ 0- Tiien 

y = i. 

Jri particular, if 7' 7^ 1 tiien we have f/yA fl [/a = for every A G I{^y^. 

Proof. We may write A = /lA^ with h G ^(7) and 1 <i <l. If there exist /ii,/i2,/i3 
as above, then [/a; n Uh-if,^ 7^ 0, f/^-Vi n t/^-Va 7^ f^/»-V2 ^ ^/i-Vs 7^ ^ ^^^^ 
f^/i-Vs Uh-^-y'hX'^ 7^ 0) and thus h~^'y'h G Cj. Since 7', G ^'(7) and ^'(7) is 
abelian, we have 7' = h^^^'h. Therefore 7' G C fl F = {1}, as desired. I 
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By the lemma above, we can take quotient of ^-^^m-, '^^^mi ^7,m and U'^^^ by 
r. Lemma 15.151 tells us that Y\^^^ra is quasi-compact, and thus the cohomol- 
ogy Hl{T\U^m) is finite-dimensional. We write pr for the natural maps '^^'^ — >■ 

r\^;^ and f/;„ r\[/;^. 

Proposition 5.17 i) Let g be an element of Nj^. Assume that a point x G 
r\t^7,m is fixed by ((7,7). Then, every point y G U^^m satisfying pr{y) = x is 
fixed by (g.'f). 

ii) For X G /(^); \ we have pr{U^x,m) n pr{Ux,m) = 0- 

Proof, i) Take A G /(=^)7 such that y G Ux^m- As x is fixed by (5',7), there exists 
7' G r such that (5',7'7)?/ = y. In particular U^'^x,m H Ux,m 7^ 0- Since A G 
we have ?7^A,m H ?7A,m 7^ 0, and thus Uy^x^m H Uyx,m 7^ 0- Therefore, by Lemma 
I5.16[ we can conclude that 7' = 1. Hence y is fixed by {g,'y)- 

ii) Assume that pr{U'yx,m) ^ Pr{Ux,m) is non-empty. Then there exists 7' G F 
such that fXyA.m H U-y'X;m 7^ 0- Since A G we can find /i G such that 

Ux,m(^Ufj,^rn 7^ 0- By the definition of /(^)^, we have U^^rn^U^^.m ^ 0. Therefore, 
all of U x m n n f^7M,m H f/^A,m and U^x,m H f/^-'A,™ are non-empty. 

Lemma 15.161 tells us that 7' = 1. Hence U^x,m, H f/A,m 7^ 0, which contradicts to the 
assumption A ^ /(=Sf)^. I 

By the same argument as in the proof of Proposition 15. 14^ we can obtain the 
following: 

Proposition 5.18 For g G Nj^, we have 

5^(-ir Tr((^?~\7-^);i^^(r\f/,,„)) = vol(Z(7)/r)0,(r^,^^,„), 

i 

where T denotes the inverse image ofT under J — )■ J/p^. 

6 Application of Lefschetz trace formula 

From now on, we assume that d = 2. In this section, we will apply the Lefschetz 
trace formula to compute the left hand side of the identities in Proposition 15.141 
and Proposition 15.181 Let =Sf be one of =Sfo, =^para or =Sfsiegei in Lemma I4.13[ and 
m > 1 be an integer. In this case, Kj^^rn is contained in Kq. We put K = Kj^ ^n for 
simplicity. The goal of this section is as follows: 

Theorem 6.1 For g G Nj^, assume that gK consists of regular elliptic elements. 
i) For every regular elliptic element 'j ^ J, we have 




(The latter equality has been proved in Theorem \3.2b] and .) 
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ii) For every regular non-elliptic element ■y G J, we have O^ijigK) = 0. 

Before proving the theorem, we record the following corollary, which is an im- 
mediate consequence of Theorem 16.11 i) and Corollary 13.271 

Corollary 6.2 Let g he an element oi Ny such that gK consists of regular elliptic 
elements. For 7 G J'^^^, let g^ be an element of G with (7^ o 7. Then we have 




6.1 Complement on |MielQa] 



We would like to apply jMielOa| Theorem 4.5] to and T\'^^^m, but the rigid 
generic fiber of these formal schemes are not partially propGr over \£p^ . Here we 
will give a slightly stronger version of |MielOa[ Theorem 4.5] which is applicable to 
our cases. All techniques we need are included in |MielOa[ §4]. 

We use the same notation as in [MielOat §4]. Let i? be a complete discrete 
valuation ring and k an algebraic closure of the fraction field F of R. Put S = Spf R 
and S = Spa(A;, k~^), where is the valuation ring of k. Let A" be a quasi-compact 
special formal scheme which is separated over S. Then we can associate X with the 
adic spaces X = t{X)a, Xj^ = t(A')^ and Xjj = t{X)rf. We denote the special fiber 
of X (resp. X) by Xs (resp. Xg). 

Let X' be a quasi-compact special formal scheme separated over S which contains 
X as an open formal subscheme. We can define X', X^, X^, X^ and X'^ similarly. 
Let T be a finite set equipped with a partial order and {ya}a(^T a family of closed 
formal subschemes of Xg indexed by T. We put = t(3^a)a = t{ya) >^t{x) and 
assume the same condition as in |MielOa| Assumption 4.1]; 

Assumption 6.3 i) Xg = [j^^^-Ya. 

ii) For a eT, put Y(a) = ^a\IJ/3>a Then, for a, /3 G T with a ^ j3, F(Q,)nY(/3) = 
0. 

Let /: X' — y X' be an isomorphism preserving X. We also denote the induced 
isomorphism X' X' by the same symbol /. The induced isomorphisms ^> 

X'^ and XL XL are denoted by and /j^, respectively. We will make the same 
assumption as in [MielOat Assumption 4.3]; 

Assumption 6.4 There exist an order-preserving bijection / : T T and a sys- 
tem of closed constructible subsets {Ya{n)\n>\ of X for each a & T satisfying the 
following: 

i) Ya{n + 1) C Ya{n) for every n > 1. 
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iii) f{Ya{n)) = Yf(^a){n) for every a E T and n > 1. 

iv) f{a) 7^ a for every a E T. 

Remark 6.5 As proved in jMielOal Proposition 4.18], if / induces an isomorphism 
of formal schemes ^ach a E T, then we can find a system of closed 

constructible subsets {Ya{n)}n>i of X satisfying Assumption 16 .41 i) . ii), iii). 

Theorem 6.6 In addition to Assumption \6.3\ and Assumption \6.4\ assume the fol- 
lowing: 

(a) X' is locally algebraizable ( IMiel Ob\ Definition 3.18]) and is smooth over 
Spa{F,R). 

(b) The closure of in X'^ is partially proper over Spa(F, R). 

(c) For every x e XL\ Xj^, frf{x) ^ x. 

Let A = Z/£"Z for a prime i which is invertible in and some integer n > 1. 
Then, Fix(/^|x^) (of. [Miel Oa[ Example 2.9]) is proper over S and we have 

Tr(/^;i?r,(X^, A)) = #Fix(/^U^). 

For the definition of the right hand side, see JMiel Oa\ Definition 2.6]. 

Proof. First of all, [Mieinai Proposition 4.6] tells us that RTdXrj, A) is a perfect 
A-complex, and therefore we can consider the trace Tr(/i; RTc{Xjj, A)). 

Note that the proof of [MielOaj Lemma 4.8] does not require partially properness 
of X^; thus we can find an integer tt-q > 1 for each a E T satisfying the following 
conditions: 

— For every a E T, Ua = nf(^a)- 

— For a E T, put Ua = Ya{na) \ U^>a ^/^('^^s)- Then we have f/a H f//3 = for 
every a, (3 E T with a ^ (3. 

Put W = UaGT Xo = X\W. As in the proof of [MielOal Lemma 4.12 

i)], we can show that Xq is a quasi-compact open adic subspace of X^. Moreover, 
by exactly the same method as in the proof of [MielOal Proposition 4.10], we can 
obtain the equality Tr(/^; /?r,(X^, A)) = Tr(/^; i?r,(Xo,7^, A)). 

Consider the closure Xo,^; of Xq^tj in X^. Since X^ is taut (c/. |MielOb| Lemma 
4.14]), Xo,7j is quasi-compact. On the other hand, by the assumption (b), Xq^jj 
is partially proper over S. Thus Xq^tj is proper over S. Let us observe that for 
X E XL \ Xq ji we have fi^{x) ^ x. Indeed, if x ^ X^^-, by the assumption (c) we 
have /^(x) ^ x. If x G X^ \ Xq^^j, then x E Wjj = UaeT ^a,ri, and thus we can find 
a E T such that x E Ua,rj- Since Ua,r] H f{Ua,rj) = Ua.rj n Uf(a),rj = 0, X and frj{x) 
are distinct. Note that this implies that Fix(/7y|xo^) = Fix(/f?lx;^) = Fix(/f|-|x^). In 
particular Fix(/^|x_) is proper over 5*. 

Now we can apply the Lefschetz trace formula [MielOat Theorem 3.13] to Xo^jj = — > 
Xo,7j, and obtain 

Tr(/-i?r,(X^,A)) = Tr(/-i?r,(Xo,^,A)) = #Fix(/^Uo,,) = #Fix(/^U^). 
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For the final equality, we use [MielOat Proposition 2.10]. I 

Remark 6.7 At least when the characteristic of k is 0, we can deduce from Theorem 
16.61 the analogous result for £-adic coefficient simply by taking projective limit (c/. 
[MielObi proof of Corollary 4.40]). 

6.2 Proof of Theorem 16.1 

Here we give a proof of Theorem 16.11 

First we consider the case where 7 G J is elliptic. We will apply Theorem 16.61 
to C and ((7,7): By Remarking ^J.,^ is locally 

algebraizable (actually it is algebraizable). We know that the generic fiber U^^m is 
smooth over Qpoo . Moreover, Remark 15.13) tells us that the closure U^^m of U^^m 
inside My^m/p^ is the same as that inside U!^^^. Since M^^m/p^ is partially proper 
over Qpoo, so is U^^m- Let x G U!^^^\U^/^m- Then we can find A G such 
that X G Ux,m- Since Ux,m n {g,j)Ux^m = Ux,m n U^x,m = 0, we have x ^ {g,l)x. 
Thus the assumptions (a), (b), (c) in Theorem 16.61 are satisfied. 

Recall that for each a G i5^,m, a closed formal subscheme is attached 

(Definition Hill Lemma IT9|) . We denote by 3^q, the restriction of -^^^m.a/P^ ^i,m- 
In Proposition 14. IH we have checked that {ya}a£S,^rn satisfies Assumption 16.31 
By Lemma I4.10[ the isomorphism ((7, 7) : ^^^m — > '^7,m induces an isomorphism 
ya — !■ yga- Therefore, Assumption 16.41 is also satisfied; note that Assumption 16.41 
iv) is nothing but Corollary 14.161 

Therefore all the conditions of Theorem 16.61 are verified, and we have 

Y,(-ir Tr (((7-\ h-^)- Hi{U,,J) = # Fix((^, 7); U,,^) . 

i 

By Proposition 15. 14[ the left hand side is equal to O^ijigK)- As there is no fixed point 
under {g, 7) in {Mj^^rn/p'^)\U.y^rn, the right hand side is equal to # Fix{{g, 7); Mj^^m/p'^) 
{cf. [MielOat Proposition 2.10]). This completes the proof of Theorem 16. H i). 

The case where 7 is non-elliptic is similar. Let P C Z{'~f)/p^ be as in Section 
K2\ and apply Theorem K6\ to T\%^rn C T\'^^„^ and (^,7): T\'^^^„^ — > ^\'^^,m- 
The conditions (a), (b), (c) in Theorem 16.61 can be proved in the same manner, (a) 
is clear. For (b), note that T\U^^rn is a closed subset of T\U^^^ which is partially 
proper over \£p^ . Thus the closure of r\U^^rn in r\[/^ being a closed subset of 
r\f^7,m, is also partially proper over Qpoo. (c) can be proved in the same way as 
above by using Proposition 15.171 ii). 

It is easy to show that 3^q, for a G Sj^^m induces a closed formal subscheme r\3^Q 
of T\%'^^rn, and a family {T\ya}aeSj^ ^ satisfies Assumption 16.31 and Assumption 

El 
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Therefore we can apply Theorem 16.61 and we have 

J2{-iy TT{{g-\ h-'y, KiAU,,m)) = # Fix{{g, 7); T\U,,J) . 

i 

By Proposition 15.181 the left hand side is equal to vo\{Z {•y) /T)0^{rigK) ■ By Propo- 
sition ISTTT] i) , the right hand side is equal to # Fix(((7, 7); f/^^^), which is zero by 
Theorem 13.261 ii). This completes the proof of Theorem 16.11 ii). 

7 Computation of the character 

7.1 Local Langlands correspondence for G and J 

A candidate of the local Langlands correspondence for G and J has been constructed 
by Gan-Takeda [ GTllaj and Gan-Tantono [GTj . Here we review their results briefly. 
In this subsection, let F be ap-adic field and put G = GSp4(F), J = GU(2, D) where 
D is a quaternion division algebra over F. 

First we recall basic definitions on L-parameters. 

Definition 7.1 i) An L-parameter for G is a homomorphism 0: iypxSL2(C) — > 
GSp4(C) satisfying the following conditions: 

— The restriction to the first factor (plwp- — ^ GSp4(C) is continuous, 
where GSp4(C) is endowed with the discrete topology. The restriction to the 
second factor 0|sl2(C): SL2(C) — )■ GSp4(C) comes from a homomorphism 
of algebraic groups. 

— For w G Wp, 1) G GSp4(C) is semisimple. 

We denote by the set of GSp4(C)-conjugacy classes of L-parameters for 

G. 

ii) An L-parameter (p: Wp x SL2(C) — > GSp4(C) is said to be discrete if Im0 is 
not contained in any proper parabolic subgroup of GSp4(C). 

iii) Let P be a proper parabolic subgroup of J, which is unique up to conjugacy. 
It determines a conjugacy class P of parabolic subgroups of GSp4(C) = GSp4 
(in fact, it is the conjugacy class containing the Siegel parabolic subgroup). A 
proper parabolic subgroup of GSp4(C) belonging to P is said to be relevant for 
J. An L-parameter 0: Wp x SL2(C) — )■ GSp4(C) is said to be relevant for J 
if lm.(f) is not contained in any proper parabolic subgroup of GSp4(C) which is 
not relevant for J. We denote by $(J) the set of GSp4(C)-conjugacy classes of 
L-parameters for G which are relevant for J. 

The main theorem of [GTllaj can be summarized as follows: 



Theorem 7.2 (Gan-Takeda |GTlla] ) Let Irr(G') denote the set of isomorphic 



classes of irreducible admissible representations of G. 
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There exists a natural surjection Irr(G) — y ^{G) with finite fibers. For G 
we denote the fiber at by 11^ and call it the L-packet corresponding 

to (j). 

An irreducible representation n G Irr(G') is a (essentially) discrete series if and 
only if 71 G 11^ for a discrete L-paranieter G ^{G). 

For (j) G ^{G), we put = 7ro(2'GSp4(Ini 0)) and write A^ the set of irreducible 
characters of A^. Then, there exists a natural bijection between and A^. 

For G and n G H^, the central character of n is equal to (sim o0) o Art, 

where sim : GSp4(C) — > denotes the similitude character and Art : F^ — > 
denotes the isomorphism of local class field theory (normalized so that a 
uniformizer is mapped to a lift of the geometric Frobenius element). 

For G ^{G) and a smooth character x of F^ , let (f) ® x be the L-parameter 
given by {(f)0x)i^^^) ' — ^ x(Art~"^(w))0(w, f ) for{w,v) G WVxSL2(C). Then 
we have ^^^^ = {^r (S) Xg I ^ ^ n^}? where Xg = X° sim as in Lemma 1X31 
There is a way to characterize the map Irr(G') — > ^{G) by means of local 
factors and Plancherel measures. 



Moreover, from the construction in jGTlla] . we have the following: 

Theorem 7.3 If (p E $(G') is discrete and trivial on SL2(C), then consists of 
supercuspidal representations. 

Proof. We freely use the notation in |GTllaj and |GTllb] . First assume that is 
not irreducible as a 4-dimensional representation of Wp- Then = 0i ©02 where 0i 
and 02 are two-dimensional irreducible representations of Wp with det 0i = det 02 
and 01 ^ 02 (c/. |GTllat Lemma 6.2 (ii)]). Let be the irreducible representation 
of GL2(-F) corresponding to 0j by the local Langlands correspondence. By the 
assumption, ri and T2 are supercuspidal and ti ^ T2. By the construction of L- 
packets {of. [GTllai §7]), we have = {^(2,2)(ri Kr2), ^(4,o)(rf )}, where ^(2,2) 
(resp. 6'(4,o)) denotes the theta correspondence between GSp4 and GS02,2 (resp. 
GS04,o) and denotes the representation of Z^^ corresponding to by the local 
Jacquet-Langlands correspondence. |GTllb| Theorem 8.2 (ii)] tells us that 6^(2,2) (tiKI 
T2) is supercuspidal. |GTllbt Theorem 8.1 (iii)] tells us that 6'(4^o)(''"f ^ ^2^) is 
supercuspidal. Therefore 11^ consists of two supercuspidal representations. 

Next assume that is irreducible as a 4-dimensional representation. Then, 11^ 
consists of a single representation tt G Irr(G') such that 6'(3,3)(7r) = IIKIyU, where 6^(3^3) 
denotes the theta correspondence between GSp4 and GS03,3, II is the irreducible 
representation of GL4(F) corresponding to the 4-dimensional representation 0, and 
fi = (sim o0)oArt is the character of F^ corresponding to sim o0. By the assumption 
on 0, n is supercuspidal, and thus ^^(3,3)(7r) is supercuspidal. Therefore, |GTllbt 
Section 14, Table 1] tells us that vr is supercuspidal, as desired. I 



The main theorem of [GTj is as follows: 
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Theorem 7.4 (Gan-Tantono |GT] ) Let Itt{J) denote the set of isomorphic classes 
of irreducible admissible representations of J. 

i) There exists a natural surjection Irr(J) — y $(J) with finite fibers. For cj) G 
$(J), we denote the fiber at (j) by 11^ and call it the L-packet corresponding to 
<P. 

ii) An irreducible representation p G Irr(G) is a (essentially) discrete series if and 
only if p G 11;^ for a discrete L-parameter (p G ^{J)- 

iii) For G we put = 7ro(2'sp^(Im0)) and write the set of irreducible 
characters of B^. The natural map B^ — )■ is surjective, and thus A^ can 
be regarded as a subgroup of B^. There exists a natural bijection between 11^ 
and B^\A^. 

iv) For (f) G and p G 11;^, the central character of p is equal to (simo0) o Art. 

v) For G we have H;^^^ = {p ® Xj \ P ^ n;^}, where Xj = X° sim as in 
Lemma \3.5\ 

vi) There is a way to characterize the map In (J) — > ^{J) by means of local 
factors and Plancherel measures. 

We also have an analogous result as Theorem 17.31 

Theorem 7.5 If (p G is discrete and trivial on SL2(C), then 11^ consists of 

supercuspidal representations. 

Proof. We freely use the notation in |GT] . First assume that is not irreducible 
as a 4-dimensional representation of Wp. Then = 0i © 02 as in the proof of 
Theorem 17.31 Define ti and T2 similarly. They are supercuspidal and not isomorphic 
to each other. By the construction of L-packets (c/. |GT[ §7]), we have 11^ = 
{^{i,i)(Tf ^^2), ^{i,i)('?"2^^''"i)}; where ^(1,1) denotes the theta correspondence between 
J = GSp(l, 1) and G0*(1, 1). Therefore, [GTl Proposition 5.4 (iv)] tells us that 
consists of two supercuspidal representations. 

Next assume that is irreducible as a 4-dimensional representation. Then, 11;^ 
consists of a single representation p G Irr(J) such that 6^(3 o)(p) = IIIEIyU, where 6^(3 0) 
denotes the theta correspondence between J = GSp(l, 1) and GO*(3,0), 11 is the 
irreducible representation of corresponding to the 4-dimensional representation 
(here D4 is the central division algebra over Qp with invariant 1/4), and p = 
(simo0) o Art is the character of corresponding to simo0. By the assumption 
on 0, n is not a character. Therefore, |GTt Proposition 5.7] tells us that p is 
supercuspidal; indeed, if p is neither supercuspidal nor a twist of the Steinberg 
representation, then 6^(3^0) (p) = 0, and if p is a twist of the Steinberg representation, 
then 6(sfi){p) is a character. I 

For an irreducible admissible representation n of G, we denote the character of tt 
by 6t^. It is locally constant on G"'''^; namely, 6^^ is a unique locally constant function 
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on G""^ such that Tr(/; tt) = f{g)e^{g)dg for every / G H{G) with supp / C G'''^. 
For e put = E^en^ 

Similarly, we define Op and for p G Irr(J) and G $(^). 

Definition 7.6 i) For cf) G the corresponding L-packet 11^ is said to be 

stable if O-^g is a stable function on G^*^^, that is, Oyig^q) = O-^G^g') for every 
^f' G C'^^ which are stably conjugate. Similarly we can define the stability of 
the L-packet for G $(J). 

ii) For (j) G we say that 11^ and 11^ satisfy the character relation if OiiG^g) = 

-e^jih) for every g G h G J^^" with g ^ h {cf. Section [2]). 



Remark 7.7 For every discrete (or more generally, tempered) L-parameter 0, it is 
expected that 11^ and 11^ are stable and satisfy the character relation. It is plausible 
that one can deduce these properties from the stable trace formula. 

If is a TRSELP in the sense of |DR09] . then the stability and the character 
relation for 11? and 11^ are already known due to (DR09j . |KallOj and |Lusllj . 



7.2 Computation of the character 

Theorem 7.8 Let G be an L-parameter such that 11^, 11^ are stable and 

satisfy the character relation. Then, for every f G l-i{G) with supp/ C G"^", we 
have 

5^Tr(/;i7Rz[p]) = -4 Tr(/;vr). 



Proof. By Theorem 17.21 iv) and Theorem 17.41 iv). all representations in 11^ and 11^ 

share the same central character uj = (simo0) o Art : — ^ . First we will 
reduce the theorem to the case where u\pz is trivial. The method is similar to the 
proof of Corollarv 13.71 Take c G such that = u{p), and x- Qp — ^ ^^e 
character given by xi'^) = c"'"''*^"^ Consider the L-packets 

= ® xg I TT G nj}, n^^^ = {p ® I p e n^} 

corresponding to 0®x (c/- Theorem 17. 21 v). Theorem [73] v)). It is clear that these L- 
packets are stable and satisfy the character relation. Moreover, every representation 
belonging to these L-packets has the central character trivial on p^. 

We have i?Rz[p ® Xj] = -f^Rz[/o] ® Xg by Lemma ESI Therefore, if we have the 
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theorem for the L-parameter (f)® x ^ ^{J)i then 

5^Tr(/;iJRz[p])= Tr(/;ifRz[p®Xj]®XG ) 

= Yl Tr(/-XG';^Rz[p®Xj]) 

= -4 Y Tr(/-XG';vr®XG) = -4 5^ Tr(/;7r), 

and thus the theorem also holds for (p. 

In the following, we assume that the central character u is trivial on p^. 

By the similar way as in |Miel2[ Lemma 3.5], we can prove that is contained 
in the union of all open compact-mod-center subgroups of G. Therefore, we may 
assume that supp / is contained in an open compact-mod-center subgroup of G. 
Recall that a maximal open compact-mod-center subgroup is conjugate to Nj^ where 
=Sf is one of =^para or =Sfsiegei (Lemma 14.141) . Note that both sides of the identity 
in the theorem do not change if we replace / by its conjugate. Therefore, we may 
assume that supp / is contained in Nc^ where ^ is one of .^Oi =S^ara or =S^Siegel- SiuCC 
{Kjf^rn}m>i form a fundamental system of neighborhoods of 1 G consisting of 
normal subgroups of N^, f can be written as a linear combination of Igx^ „ with 
g G N^. Hence we are reduced to the case where / = vo\{K^ „i)~^lgKj^ ^. For 
simplicity, put K = Kj^^^n- Note that gK = supp / C G"^". 

By Proposition 15. 7t Theorem l6.lt Corollary 16.21 and the stable version of Weyl's 
integration formula, we can compute as follows: 

E = ^ Tr{g;H^4pf) J] Tr(r^,^;p) 



(2) 



y2 / VgK{h)Op{h)dh = / r]gK{h)e^j{h)dh 



rxn .Tcn #W^T'(Qp) yT-./p- ^ ^ ^ ^nvol(i^)y 

where gf G G^^^ is an arbitrary element with gti ^ t', and Dj{t') is the Weyl 
denominator (c/. |Rog83[ p. 185]). Here (1) follows from Proposition 15.71 and (3) 



from Corollary 16.21 (2) is a consequence of Theorem 16.11 ii). stability of djij and the 
stable version of Weyl's integration formula for J. Other equalities are obvious. 

Recall that we have a natural bijection 7yl,\ ^> 73'if For an elliptic maximal 
torus T' of J and an elliptic maximal torus T of G corresponding to T, choose 
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G T"''^^, to ^ T'^'^^ with to ^ ^o ^^'^ consider the isomorphism l = tt^^^to '■ T' — > T 
(c/. Section [2]). Then we can take gt' as t = ^(t')- Obviously we have Dj{t') = 
Dg(^)- Since 11^ and 11;^ satisfy the character relation, we have Ojjjit') = —9jiG(t). 

Moreover, l: T'/p^ T/p^ is compatible with the fixed measures (c/. the last 

paragraph of Section [3?T|) . Together with Lemma \2.1\ we can convert the sum with 
respect to 7J|,\ to that with respect to T^\^, and obtain 



Jg/p^ ^ voi(fs:) Jg ^ 



vol (is:) 

-4 VTrfJ- 
^ Vvol 



G/p 

gK 



.A(K) 



; vr 



(in the second equality, we use the stable version of Weyl's integration formula for 
G; again we use the fact that IgXp^ is supported on G^^^). This completes the proof.l 

Corollary 7.9 Let be an L-parameter as in Theoreni \7.8[ Assume that for every 
p e and integers i,j > 0, H^^^ip] ^ G-niodule of finite length.. Then, for each 
p G n^, we can consider the character 9h^^[p] of the virtual representation H^izlp]- 
This character satisfies the following for every g G G"^"; 

$^^HR,z[p](^7) = -4 ^-(^)- 

Proof. This is an immediate consequence of Theorem 17.81 I 

Remark 7.10 i) Since the G- representation H^^ip] is admissible, it has finite 
length if and only if it is finitely generated as a G-module. 

ii) At least if p G 11;^ is supercuspidal, the assumption in Corollary 17.91 will be 
proved once we establish an analogue of Faltings' isomorphism for the Rapoport- 
Zink tower {Mk}k (cf- |Miel2t Lemma 5.2]). In a recent preprint of Scholze 
and Weinstein |SW12] . Faltings' isomorphism for a Rapoport-Zink tower of EL 
type is obtained. It is plausible that a similar method is applicable to our case. 

Corollary 7.11 Under the setting in Corollary \7.y\ assume moreover that is 
discrete and trivial on SL2(C). Then, for each it G 11^, the representation vr^ of G 
appears in H^^- 
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Proof. By the similar method as in the proof of Theorem 17. 8[ we may reduce to the 
case where vr is trivial on p^. By Theorem 17.31 and Theorem 17. 5[ and consist 
of supercuspidal representations. Therefore Ext j^H^^^, p) = if j > 1, and thus 
Hrz[p] = Homj(_f/'|^2) P)*^™- We denote the supercuspidal part of H^zip] by 

^^RzHcusp- Write Epen^ ^^Rz[p]cusp = Y.n' "^'Tt', where vr' runs through irreducible 
supercuspidal representations of G. Assume that vr^ does not appear in if^z. Then, 
by |IM10l Theorem 1.1], tt^ can appear only in H^^ -ff^z- Hence vr can appear in 
Homj(if^2! P)*^™ only if i = 2,4, and thus a^^ > 0. On the other hand, by Corollary 
17.91 and the orthogonality relation of characters, we have 

(for the definition of ( , )eii, see |Miellt §5]). This is a contradiction. I 

Remark 7.12 In a forthcoming paper with Tetsushi Ito, the author will give more 
precise description of the cuspidal part if|^z[p] cusp of the individual cohomology 
-^Rz[p] global method. We can also obtain information on the action of Weil 
group on -f^Rz[p]cusp; we find the local Langlands correspondence for G and J in 
^Rz[p]cusp, as expected. 
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